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MARK PARTS (b) and (<) TOGETHER





image98.jpeg
®)

ERE M |1
13 2 . 5 -

7 2 oo TR
I‘Z;’h 2% \dx:’zf" .- e 16

99 3 27 18

©4° _404° (04° L 027 402 02 )

3 2w )3z B el Kt
-t 0.03304 or 22 Al | 1
“@

®)
MI: Attempts to multiply their expansion from part (a) by 6x or just x and aftempts to integrate. Condone

copying slips and slips in expanding. Look for x" — " at least once having multiplied by 6x orx.

Tgnore e.g. spurious integral signs.
Al Comrect integration, simplified or unsimplified.

2 U
3 g
I they have extra terms they can be ignored.
Tgnore e.g. spurious integral signs
AMI: An overall problem-solving mark for
« using part (x) by integrating 6% * their binomial expansion and
« substtuting in 0.4 and 0.2 and subtracting either way round (say be implied)
For evidence of using the correct limits we do nof expect examiners o check so allow this mark if they
obtain a value with (miniamal) evidence of the use of the imits 0.4 and 0.2

This could be e.g. [£(x)];. = ... provided the first M was scored. If the integration was correct, evidence can

. ot ‘ e
+ S
ERNEY A SR TR T

be taken from answer of awrt 0.0330 if limits are not scen clsewhere. Depends on the first M mark.
AL awrt 003304 (NB allow the exact value which is ?530 -0.033037037...).
Isw following a correct answer.
Note answers which use additional terms in the expansion to give a different approximation score A)
Alko note that the actual value s 0.032865
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least once
'Al: Fully correct inteeration. Then dM1A1 as in the main scheme
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* using an appropriate integration technique e.g. substitution. by parts or partial fractions — note
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 integrates one of their terms to a natural logarithm. e.g.. 3L —bmGB+x) or 2 5 bmu
x u
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a 2 a
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u Nu
3
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ddM1: Substitutes in the correct limits for their integral and subtracts cither way round o find a value
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For evidence of using the correct limits we do not expect examiners fo check so allow this mark if
they obiaina value with (minimal) evidence of the use of the appropriate imits

‘This could be e.g. [£(x]]" ~... provided both previous M marks were scored.
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MI1:

dM1:

Al

sC:

Attempts integration to achieve {H =} ke {+c} with k a numerical constant = -0.12
Note that we will condone k= (0.2)(-0.12) {=0.024}

If they divide by —0.12 first before integrating they need aH =be™ {+c} with a and b
numerical and b # 1. Condone a spurious integral symbol remaining after integration.
Uses t=0,H =15and a model of the form H =ke™* +¢ (or aH=be™* +¢) to find the

value of the constant c. They cannot just “make up" a value for k.
Do not be concerned with their processing to find ¢ but they cannot just state B (or c) is 0.

25 :
Forseference if they divide by ~0.12 first they should reach ——2 H=-5¢"*~75 o.c

Correct complete equation in the required form: H =0.6e™% +0.9 with the H = present.

May be awarded if seen at the start of (b) but not in (<). Condone

1
~ inplace of 0.2
Sungl

Finding correct values for A and B is insufficient for this mark.
Allow exact equivalents but they must be in the required form. e.g. H = %e‘“ 2 —%
A minimally acceptable answer is {# =}0.6¢°% +¢ — H =0.6e™" +0.9 score M1dMI1A1

o2

dH
Note: sight of differentiating the given form to e.2. ~---=-024¢™ in their working

without clear evidence of integration of the original differential equation should be marked
using the special case below.

For candidates starting with the given answer H = 4e™* + B it is possible to use

%H =-024e =—0.12¢** to deduce that 4 =0.6. This can be awarded SC M1dM0AO

Ifthey go on to find B as in the main scheme then this can be awarded SC M1dM1A0
Y M A R AR RN
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MI1:

dM1:

AL

Note:

©
MI1:

Alft:

If the special case is applied they may go on to achieve the rest of the marks in (b) and (c).

Note: 4 and B must be numbers but may be “made up” if they did not have an answer to (a)
Uses H=1.2 in a model of the form H = Ae™* + B, B # 0 and rearranges to make

Ae™* or ¢ the subject. Condone slips in rearranging. e.g. dividing the LHS by 0.9

instead of subtracting 0.9. Rearranging first before substituting is acceptable but they must
02 as the subject.

getto 4e™¥ or &

Correct use of In to make ¢ the subject. Requires 4>0, 0<B<12 and ¢* =150

If they had a negative value for 4 in part (a) they cannot just make it posiive at this stage.
Any of 5In2 or -5l ; or awrt 3.46 or awrt 3.47 following a correct equation will imply

M1dM1
If they do not show their method for an incorrect H = 4e* + Bwith 4>0, 0<B <12
you may need to check their value for 1> 0 as it may imply M1dMI.

Correct time in hours and minutes {7 =} 3hours 28minutes, but condone ¢.g. 3h 28m

Must come from correct values of 4 and B in (a).

If their B = 0 then they should end up with =—3.46... however. they did not score the first
MI. They cannot “recover” this by making it positive and finding ¢ = 3hours 28 minutes.

Note that 0.9 or 0.9m must come from a correct value of B in (a) to score any marks
Identifies the requirement to establish the limit as f tends to infinity.

Tt can be implied by stating that H = 4™ + B Bor (lim[0.6e°* +09]) =09

Stating “B" on its own will score this mark.
Substituting a large value is MO unless it leads to their value for B at which point the Al is
available as well.

Correct height including units. Follow through on their value of B where 0< B <1.2

Correct ft height including units implies MIA1, while c.g. 0.9 (no units) would imply M1AO.

Evidence of an incorrect method such as 1.5-0.6e"**% =0.9m scores MOAO.

Misreading as ZH =-0.12¢"* can score a maximum (a) 110 (b) 100 (c) 10.
it
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Notes for Question 5

0
BlL: States I fx dx with or without the 'dx"
:
Mi: Integrates +/x to give Ax2: A=0
AT: | See scheme
T ; T
Note: | You can imply B1 for |:/Zx1 } or for %97 — Ax47
L
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A

GanlMlAlfm|:z 3+(‘I:? or 12% or awrt12.7

Note: | Give B M1 Al for no working followed by an answer ? or 12% or awrt12.7
Note: | Give MO A for use of a trapezium rule method to give an answer of awrt 12.7.

s
‘but allow B1 if j Jxdx is seen in a trapezium rule method
B

Otherwise, give BO MO A0 for using the trapezium rule to give an answer of awrt 12.7
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M1

Al

M1

There may be other valid ways to differentiate or to solve the resulting equation.
2x(1+x) £px(1-2)(1+2%)
Yt )
(1+x%)

provided an incorrect quotient rule is not seen.

Attempts the quotient rule to achieve

Ax(1+27) +px(1-% ) (145

‘but condone -
(1+x7)

Alternatively, attempts the product rule on £(x) = (1-x*)(1+2°)” to achieve

£Ax(1+x*

£px(1-x7)(14+27)

There may be attempts at splitting the numerator to £(x) = (1+x°) ~x* (1+2*)” which

should differentiate to +Ax(1+x*)” £ (14
In all cases, do not penalise signs of 4, 4 and/or 7 unless an incorrect quotient rule or an
incorrect product rule i stated.

£y (14+%

Any occurrences of (1+x°)" may be replaced with 1+2x" +x*

There is no need for a LHS e.g. f'(x) = to be present so ignore an incorrect LHS.

Invisible brackets may be recovered/implied by later work.
Correct differentiation. May be unsimplified. Ignore absence of (or incorrect) LHS.

2x(1+2) —4x(1-2)(1+%)
The correct derivative using the quotient rule is =———— =~ 17" oe

(1+2%)

oe

using the product rule is —2x(1+x")" —dx(1-x

(1+x°

and splitting the numerator is ~4x(1+x*)” ~2x(1+2*)” +4¢ (1+°)” oe

‘You may need to check carefully for equivalent derivatives and ISW after a correct expression
is seen. Note that some candidates may set = 0 at the start and may omit the denominator as a
result — send to review if you are unsure in such cases

Attempts to reduce the expression to a suitable form so that the roots can be found.

either by cancelling a factor of (1+x”) and simplifying the other brackets

—ex+2@  2x(¥*-3)
or

(1+x%)

or 2x(x*-3) (=0)

or by attempting to take x, (1+x”) or +2x(1+x") out as a factor and simplify the other
‘brackets. If they only take out a factor of x then they must have x(+Ax* +Bx*+C)
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Notes:
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AL

BL:
BL:
M1:

Al

3
Attempts to integrate 2Zx—7 to achieve k(2x—7)?

3

May be implied if a substitution is used e.g. u = 2x— 7:.>J'\/_2x 7 de=hu

[Zx 7)1 13

J'Wx Tdx= oreg su’ where u =2v~7 which can be left unsimplified

Deduces correct top umn, bottom Limit or area of rectangle
Deduces correct top limit, bottom limit and area of rectangle

Fully correct strategy to find the area of R e.g. a correct unsimplified expression for area
Follow through their integration but limits etc. must be correct

115

—3-or exact equivalent. Allow 383 or 38% ‘but not 38.3

Alt method (not on specification but may be seen)

s
Attempts I
o

s

s

=3, Ao) 125,35 A peamim

[s*z"} s 23
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Notes

M1

Al

Al

Al

For increasing any power by one. Score for x" — x™ in any term, including, -3 —

where ... is a constant, but not for + ¢. Allow the indices to be unprocessed, e.g., x*"
One correct term which may be unsimplified and indices may be unprocessed.

6

for this mark. Not scored for + ¢

Condone e.g. —3x" or —

La

Two correct terms which may be unsimplified but indices must be processed.
Condone —3x" for this mark. Not scored for + ¢

cao Requires all terms simplified and + ¢

Ignore the LHS i.e. ignore what they call their integral.

Allow 0.2 for %xi and <4 or <X or —4xX or —4v"* for —4

Do not allow —3x" for this mark

Condone spurious integral signs e.g. jé 4x73x+¢ or dx left in their answer

ISW after a comrect expression seen e.g. if they multiply through by 5 or e.g. try to solve =0

T
Donotallow e.g. —x' +—4x% +-3r+c
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Notes:

Mark (a) and (b) together

@

Bl

()
M1

Al

28

2
dx or equivalent such as 2 I xdx or 2"' "% dx but must
™ ™

289

3

States that -‘- —

L VX

include the limits and the dx. Condone dx <> &x as it is very difficult to tell one from
another sometimes.

:
Uses | %dx =av/x or ax? (allow a to be 1) and applies the given limits to their
X

1
ax? subtracting either way round. (Condone with the constant of integration included)

You do not need to be concerned by fractions within fractions as this is still of the
1

required form e.g

Only condone transcription errors of 2.89 or 1.44 when

2
substituting the limits into the expression.
‘This mark can be scored for

: :
2 2 7 T
og [4FT5 =4x JTE —4x VT oreg 20 208 2047

&
2 2

May already be partially evaluated so allow e.g. ?7? o.e. provided it is not just 2.

2cso
‘The method mark must have been awarded. Do not withhold this mark for poor notation or
e.g. amissing dx in their solution
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Notes
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Bl:

®)

Bl:

dr ok
Correctly sets up the model. — o —= scores BO unless e.g. —=+—= is seen but condone
&t & A

k
G~ 77 being seen at the start of () They may use any leter except o  in place of .
G

You may see ;ﬁ # which is acceptable provided it is clear that it is not the k¥ root.
1 r

&1
andidates using = = in () can score marinum BOM1A1dMOAO

&

&k 5 a1
k=3.6 coming from ~-= = (or k= coming from —=—~) and from use of 7= 16 and
&t 18 &t kr

Note:

#

dr
<L=0.9 but note that this may oceur later in their working, which is perfectly fine provided it is

&k
from acceptable work. Note c.g. ¥ =~3.6 coming from =~ is correct.
a

Note, however, that an attempt to find & from comparing coefficients between r> =1.5k +¢ and

3
73 =5.41+10 is not acceptable (sce special case)
dar

They can also find k by differentating their 7 = f0) and substiuting = 10, 7= 16 and ==09

if they have also used = 10, 7= 16 in their = (). This sets up simultancous equations where ¢
can be climinated. Use Review if you are unsure if their approach is acceptable,
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MI:

AL

dM1:

Al%:

sc:

Separates the variables for their differential equation correctly and attempts to integrate both
sides

dr
Maust be a differential cquation of the form = (r) for some function () independent of 1.
i

n_y 1
Evidence of r* "' ore.g. — > Inr is sufficient for their attempt to integrate in r, but &

r
&k
st be inegrated to o<, e = =0
1

Note that they may divide by k (or 3.6) prior to integrating. Here, 1 must be integrated to 1.

= r® =kt {+c} would score this mark.

Correct integration for their k. Allow this mark if they have not found . so allow .g.

23

fih 2
=kt {+¢] with/without the constant of ntegration but the - must be evident in some way.

Condone spurious notation for this intermediate mark .g. integral signs left in after integrating
Uses =10, r = 16 in their equation o find the constant of integration.

This mark is dependent on the first method mark.

Must have already found a value for k using a valid strategy and the constant of integration
must be present.

33
Those that found  from comparing coefficients between r* = JKi-+¢ and ¥ =541 +10 may
not score this mark.
Correct equation from correct working. May be seen at the start of (c).
Must follow Al carlier so do check if this has been obtained fortuitously.
3
Ttis possible to compare coefficients (following integration) between 72 =~ Kf +¢ and

2

:
7 =541+10 to deduce the value of k as 3.6 (or just write their coefficient as 5.4).
The maximum that can be scored this way or by a similar invalid approach is BOM1A1dM0AO
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©
MI1:

AL

@
BL:

Substitutes

20 into the given equation and uses correct processing to find the value of

e.g. substitutes 7 =20 info =7

Wit

Their work should lead to the correct answer so the index work must be correct e.g. /118’ is MO.

/118" or 1187 are acceptable as values. ie.. the bracket must be evaluated.

May be implied by awrt 24 (cm) following 77 =118 or by awrt 24.1 (cm). Ienore units for M1

a0 241mm or 241 or 24.1cm but do not accept 24.1 or e.g. {1187 cm
Correct answer with units implies both marks.

Examples of acceptable answers (which must relate to the model in context).
*  (The model will not hold indefinitely as) the balloon may burst/pop

* The balloon is unlikely to be (perfectly) spherical (condone circular)

*  The model predicts the balloon will increase in size without limit (which is unsealistic)
Note = =57~ is unrealistic / impossible scores B0 unless they reference e.g. the radius.
Condone the presence of additional remarks such as “the balloon may not inflate at the same
rate” or “the radius of the balloon might not start at 0" that have already been addsessed in the
i S e b s A
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ddM1

Al

“2x(1+2%)| (14 %) +2(1-x? “ax(1+%7)(3-x°
(Gl 3| s e O

(1+2%) (1+x%)

Depends on the first M mark.

Note: they might attempt to expand the brackets first, or set = 0 and multiply through by

(1+x*)" and/or divide through by x or 2x at any stage.

e

Do not be concerned if any factors of (1+x? ). x or 2 go “missing” during their work.
The = 0 does not explicitly need to be seen
2x(1+x7)(4x* + B 1+x7)(Ax + Bx)
(er)ar+) | (er)arom) | o+
(1+2%) (1+x*) (1+2%)
o kmaybe0,1,2,30r4
 Aand B (and C if present) are non-zero

x(4x* +BF +C)
¥

Look for +- ‘where

o anyof2vor (1+*) in the numerator and/or (1+x*)" in the denominator may be absent

Attempts to solve their numerator set = 0 using a valid non-calculator method and uses a
solution for x to find a corresponding value for y.

The substitution may be implied by their value of y but, if not, the substitution must be seen.
e Foreither 4x’ +B or Ax’ +Bx, we require 4= 5 and.A x B <0 From either expression

they can write down their x = without working.

e For Ax*+Bx’+C they must show a valid non-calculator method for solving the quartic,
treating it as a quadratic in x* and using the usual rules for solving a quadratic
algebraically, e.g. a=x* —2a>—4a-6(=0) = (a+1)(2a—6)(=0) > x=+/3 . They
must reach a value for x (and not just x°) as well as finding a value for y.

Dependent on both previous method marks. They must use a value for x that is not —1, 0 or 1

Deduces the correct exact coordinates for P (—ﬁ, —%} oe (—V3,-0.125)

Requires all the previous marks to have been scored.

Condone x=—3, y=—-0.125 oreg. —3, -+

8
If there is more than one pair of coordinates given, then the correct coordinates must be clearly
selected or any others clearly rejected.

after

Ignore any mistakes that occur if they multiply out the denominator (1+x
differentiation.
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Notes

MI

Al

“Atiempts to multiply out the brackets of the numerator and either writes the expression (or just the

numerator) as a sum of terms with indices. Award for either one correct index of ...x? +..x? which
comes from a correct method. Condone appearing as ferms on separate lines for this mark. The

correct index may be implied later when e.g.y/x —» x* or (J?) —> x7 after they have integrated.

The % does not need to be considered for this mark.

3

.,
2

or equivalent e.g. 31 27— 5?] Condone

May be implied by further work

The correctindex  may be implied later when e.g. /¥ > x7 or (v ) —> x7 after they have

integrated.
Ignore incorrect integration nofation around the terms. Ignore any presence or absence of dx.

Be aw:

1 . .
e thata factor of - may be taken outside of the integral so you may need to look at

further work o award the first A mark if work on the two terms is done separately or in a list.
May be unsimplified and the two terms may appear in a list which is fine.
Cocfficients must be exact.

Increases the power by one on an x” term where 7 is a fraction. The index does not need to be

processed.
N

eg .x
have had a correct index.

!
1
or..x? Itis dependent on the previous method mark so at least one of the terms must

Note that integrating the numerator and denominator e.g.
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Al ¢ and including the constant or simplified exact equivalent such as

. St 3
W A e %1”—?:"% = E[nxz ~50x2 |+c or %(12;—50)” Fractions

‘must be in their lowest terms and indices processed.
s 5 s 2

Do not accept e.g. 0.267x% —1.11x* +¢ but allow 0.26x* —~1.ix* +¢
Tsw once a correct answer is seen but withhold this mark if there is spurious notation around

s :
their final answer e.g. ixi—%xi+c dx is MIA1dM1A0

15

Alternative method using integration

parts example
1 3 3
ML eg. J‘xl (2x-5) dx=_.x*(2x~5)~[..x* dx (applies integration by parts correctly to typically

achieve this form — the (2x—5) may also be split up as well — send to review if unsure how to mark)

1 1 e
This may also be done the other way round c.g. fo(ZX—s)dx: 20 -50- [ £ dx

The % does not need to be considered for this mark.

Al: A comect intermediate stage applying integration by parts with correct coefficients.

1
32 i(2x-5 43
ng%dx] 2[ = ]7'[7,514: (or unsimplified equivalent)

3 9
Cocfficients must be exact. (See main scheme notes above) The other way round this could appear as

o[£
5

:
dMI: Increases the power by one on an x" term where  is a fraction e.g. j x? dx—>_x? The index

i
- s;)—%]xi —5x? dv. Condone a missing dx. May be implied.

does not need to be processed. It is dependent on the previous method mark.

43103
AL X = 07 4 or exact simplified equivalent. (See main scheme notes above)
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Alternative method using the substitution method

Ml

Al

Al

s s oy aiiansiinssitihtiunn. lini llonmennsiiin aviiaidiles vaull

eglet u=x"=> [.u*+. 2 du (usesa substitution to express the integral in terms of another

variable. Allow slips with the coefficients, but the indices should be correct for their substittion)

The 1 does not need to be considered for this mark.

i
——& du or unsimplified equivalent. Coefficients must be exact. See main scheme

notes abnv:) May be implied by further work. Condone a missing dx.

[+ 4 du— 4"+ 2 (increases the power by one on at least one of their indices — does not

need to be processed. It is dependent on the previous method mark

10 %

{57~ X" +e or exact simplified equivalent. (See main scheme notes above)
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‘Question Scheme Marks AOs
@ 2
8(4)-47 =32-32=0 Bl Lib
@
S 3
® 824 B1 LIb
2
x= 4:{ }s——xs— 12
M1 LIb
= p{-0)="-12"(x-4)
12x+y=48 * Arx L1b
@
© ‘Attempts to find one of the coordinates of the point of ersection | o
=81, 12x+y=48=y =192 (orx=24)
Triangle area is %x4><"19 27| =38 40:%
a1 | 3la
BI LIb
ddM1 | 3la
AL LIb
)
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Notes

@
BI:

®)
BI:

MI1:

Substitutes x = 4 into the equation of the curve and verifies thaty = 0. Accept “8(4)-47

0 and solves with correct processing fo achieve x = 4.
s 3

Alternatively, sets 8x—

As a minimum accept c.g. 87-x2 =0 = x? =8 = {x=} 4 which may follow factorisation.
dy
Corect differentation. The « " = need not be present
N
Correct method for finding the equation of the tangent at A(4. 0)

d

Requires substitution of x = 4 into their - and an attempt at the equation of the line using this

dv

gradient. Ifusing y—3; =m(x—x,) then condone the omission of the — 0.

¥y

mx+c s used they must proceed as far as ¢ =

dy

wln

Accept ~= =~12 or m =~12 without explicit substitution of x = 4 provided 8-
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Al*:  Correct work leading to the given equation having scored BIM1.
Condone y+12x =48 and apply isw once seen.

Do not condone 12x+y~48=0 (unless a correct equation = 48 s scen)

() Nate: Condone poor nofation such as missing dx or spurious | symbols throughout.

M1:  Attempts to find cither the x or y coordinate of the intersection of line /1 and line /»
You may need to check the diagram or limits to their integrals

1 ( 192
AML: Correct method for the area of the triangle. e.g. Triangle area is - 4x"19.2"| =384 or —

Ifintegration is attempted then condone slips in their rearrangement of 12x+ y = 48 to
=48~ 12x and note that their integrals do need not fo be evaluated, so for example

3
ras-taxrae (=838 030401536
- T25 725 J

P

21
BI:  Comectintegration of curve ignoring limits, ie. 4x' ~ =7 but condone e.2

ddM1: Fully correct strategy including substifution which would lead to an exact asea.
Does not need to reach a value. Dependent on both previous M marks.

2 384
Tmplicd by 384~ ora cortect final answer ==

Note that the decimal approximation that might be seen is 10.97142857 and implies ddM0
unless there s evidence of substifution (which need not be evaluated)

Al:  Correct exact value. Either ¥ or 10 i:

Alternative using lines — curve:

M1:  Attempts to find cither the x or y coordinate of the intersection of line /1 and line 1
You may need to check the diagram or limits to their integrals.

dMI: Correct method for at least one part (0 to “2.4” or “2.4” to 4) of the area of R including limits
Condone slips in their rearrangement of 12x+y =48 to y =48~12x and note that their
integrals do need not to be evaluated, so for example

e 5 N s

leokforJ. 8x l&—xi Jax or I "(48-12x)" 2

o

e

Sx—x?

dr (ora sum of both)

Bl:  Correct integration of both regions ignoring limits. May be completed as a sum or separately.

Note that each integral may have been simplified.

} and {+} [4&x—10x1+§ }

x 2
Condone e.g. in place of

s s
J‘x?dx and {+} | 48-20x+x7 dxr — [%
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ddMI:Fully correct strategy including substitution which would lead to an exact area.
Does not need to reach a value. Dependent on both previous M marks.
This approach requires
 substitution of 0, their 2.4 and 4 in the correct places

o the %(z 4y %( 2.4)? 1o be cancelled (may be implied by a correct final answer %)

Note that the decimal approximation that might be seen is 10.97142857 and implies ddM0

2 2
unless there is evidence that the Z(24)% ~7(24)2 has been cancelled .. 68T - 68T

Al Comect exact value. Either o of 10%
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x=-12a=-2 and x=124=2 Bl | 22a
1 1
B1 11b
'sec? 06
M1 11b
=[(1-tan* 6)cos’ 040 :fwde
)
:J’[l*sm;ejmszﬂdﬂ (2 _1etam avi | 312
cos*0 w8 secf
— [(cos* 9—sin® 6) do ~Jceso-1)a0
jcoszﬁdﬁ‘ Al | 21

5)
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Notes

®)

Bl

M1

M1

Mark parts (b) and (c) together.
Deduces the correct limits for the integral in € which may be seen separately as side working
or within their integral work. This mark cannot be scored working in degrees.

Allow 37” instead of 7% but not decimal approximations

sin@

(coming from x =2) but

& ik g T P
a a cos8

&,
‘must be correct, 50 ot e.g. ﬁ:sec' x unless recovered

Makes a complete attempt at using the substitution x = tan 6
Requires:

 Anattempt at using % to replace dr with d6 either way round, so if % = g(6) allow

either dv=g(6){d6} or dv :%{dﬁ} % must be a function of & and not a constant.
e

o Allterms in x replaced with tan 8 (or 1+ x* with sec’ 6)

Condone the absence of d@ but dr must no longer be present.

Condone if they fail to square the denominator or e.g. a slip in missing a 6

Use of notation such as d(tan8) is correct but does not score the M1 until replaced with

sec” #{d6} or their derivative of tan 6 (which must not be a constant multiple of tan8).

sin6 1
L secO=—1",

cos6 cos6

+cos’ §=sin’ 6 = +1 to simplify the integral to an expression of the form

+asin® §+bcos? §+c where one of a. b or c may be 0.

The algebra should essentially be correct but condone e.g. sign slips or errors collecting terms.

Uses trigonometric identities e.g. +1+tan’ 6 =*sec’ 6, tanf=
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Al*

2 i 2 2 2
Alternatively, e.g. j]—m HdHZlJ'cos 6—sin HdH:Jcos 6-sin’0 4

1+tan’ @ cos” §+sin’

They must have replaced dx with d the correct way round for this mark, so if % =2(6)
1

()

It is acceptable to replace e.g. tan fcos’ 6 with sin’ 6
Dependent on the previous method mark

then they must have dr =g(6){d6} and not dx {d6}

cso Arivesat [ cos 260 d6 with sufficient working shown and no incorrect work ignoring

limits. The final line must be fully correct, including the integral sign and dé (ignoring
limits). Note that this may be seen in part () and may score the mark

All trigonometric identities must be fully correct.

Condone one or two slips in a missing & but not frequent omissions.

Condone missing integral signs in their intermediate work, but it must be present on the final
line.

d must be replaced with d6 at some stage before the final line but does not need to be present
in every intermediate line of working.

Condone notational errors throughout e.g. sin 6 provided they are recovered.
This mark is independent from any work to do with limits, i.e, BOBIM1dM1A1* is possible.
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o M1 | LIb
dmi | Lib
Al 21
(O]
(13 marks)

Notes

©
M1

M1

Al

Mark parts (b) and (c) together.
Jeos26d6 »:%smzb’ o)

Substitutes their changed limits (not 1 and —1) into t%sm 26 and subtracts either way round
May be implied e.g. %% provided they have the correct limits
Dependent on the previous method mark

Area of 1 found following correct work. This mark requires clear substitution of the correct

limits into %smz& the correct way round. If they have the limits the wrong way round and

achieve an answer of 1 they cannot just make the answer posiive for this mark

They may use limits from 0 to % and multiply their result by 2.
%”may be used in place of 7% as the lower limit which is acceptable.
Condone any spurious integral symbol accompanying %sm 20
\
)

The substitution may be implied by e g %,, or

Nm

\
Z | but must follow
)

N\H

®
D

sight of %sm 20
Condone use of Limits —45 and 45 (degrees) the correct way round for full marks in part (c).
Note that use of a calculator on the original integral will give the correct answer. An answer of

1 scores no marks without evidence of scoring both method marks above including the
substitution.
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Question Scheme Marks AOs
@ dH _ Hecos02 cos025r
I TR T — Q.‘.HdH .( M1 31a
M1 11b
h\H*—smO 25¢(+c)
10 A1 L1b
Substitutes 7=0.H =5=>c =1a(5) an 34
L in0.25r = B = 5e01m035 » arr 21
®) Max height = 5¢'=553m  (Condone lack of units) Bl 34
@
© Sets 0.25¢ M1 3.1b
314 A1 11b
@

(8 marks)
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@
>
MI: Separates the variables to reach J.%dH I% dr or equivalent.

The integral signs need fo be present on both sides and the dE AND df need to be in the correct positions
M1: Integrates both sides to reach In F = Asin0.25¢ or equivalent with or without the + ¢

1 .
AL InH = 35sin0.25% +c or equivalent with or without the + . Allow fwo constants, one cither side

If the 40 was on the Ihs look for 401n H =4sin0.25¢ +¢ or equivalent.

@MI: Substitutes £ =0, H =5=> ¢ =_. There needs to have been a single "+ ¢ " to find.

Itis dependent upon the previous M mark. You may allow even if you don’t explicitly see "t =0.H =5" as
it may be implied from their previous line

If the candidate has attempted to change the subject and made an error/ slip then condone i for this M but not
the final A Eg. 40In H =4sin0.251 +c==> H* =e*803 4 o¢ 5% 146 0=

‘Also many students will be attempting fo get to the given answer so condone the method of finding ¢
These students will lose the A1* mark
01520251

AL Proceeds via In H =-=sin0257-+1n5 or equivalent tothe given answer H =S¢ with at

10
least one correct intermediate line and no incorrect work.

DO NOT condone ¢'s going to ¢'s when they should be ¢ or 4
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L 1
Lem02sieins Lemods Lo
L 00250 +In5 25 H =0 o 1 = 0 xe*3 pefore

Accept s a minimum In H =

10

sight of the given answer

If the only error was to omit the integration signs on line 1, thus losing the first M1, allow the candidate to
have access to this mark following a correct intermediate line (see above)

If they atempt to change the subject first then the constant of integration must have been adapted if the A1*
1 Limodsrse Lanose
istobeawarded. InH =gsin0.25r+c = H =l = H=4T

‘The dM1 and A1* under this method are awarded at virtually the same time.

Also, for the final o marks, you may see a proof from | ap d¥f = feos0 25¢dr

There is an alternative via the use of an integrating factor.

®

BI: States that the maximum height is 5.53 m  Accept 5e%! Condone a lack of units here, but penalise if
incorrect units are used.

©

M1: For identifying that it would reach the maxinmm height for the 2nd time when 0.25¢ —57” or 450

AL: Acceptawrt 314 or 107 Allow if units are seen
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‘Question ‘Scheme Marks AOs
(a) ar dh 1
=20 oeeg. G-t Bl | Llb
ML | 3la
A | 21
[6]
(b)
® M| L
%h'*/\ljﬂ} oeeg Mg Al | LIb
20082 (144
20497 - 1x0semcmtinf - 1) a1 | 34
2. .t o oanl 1L
26207 - axsernaser= -0 - 1) ddM1 | 3.1b
R osin1728 oe eg it =32, 216 Al | 33
iow' 125
(0]
(b) Alternativ
ey ) M| L
Al | 1
a1 | 34
ddM1 | 3.1b
SI+178 oe eg =i 20 Al | 33
1000 125
[S]
© S513t+1.728= ¢ = ML 34
(t=) awrt18 4 min Al 32a
@
(10 marks)
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For &
dh
M: Requires

a

200 stated or used ~ may be implied by their chain rule attempt

—_ (or a suitable letter for k. which may be /. but must not be a number)
i o2 ¢ o )

K

A AJ'

scores M0 as :;’ i tncomectly pinced

(dh_\dn av
@ Jar e
@ _an av_ 200k
@ ar e Jn o
Al*: A rigorous argument with all steps shown and simplifies to achieve % 2 with no errors

7

Do not allow the use of 2 for both constants. Allow use of e.g. :" %/' for full marks
v~ kdh

=200, S _h &V _ 1 2 _ 2 ccores BIMIAO* unlessc.g. “let 4= " seen.
AN TR R A AT

W R e [ R x
Allow correct work leading to e. = g > or == x 0 A=—u
w200 T T w200 T 200

There must be an attempt to link the ¥ with the

or any equivalent with 9.

+ application of the correct chainrul (

their %cenecd) placed. So ¥

v

eg

which may be missing an = sign.

Allow an argument with % 4 dh_dn dv

Withhold this A mark if there are notational errors e.g. 37
a

scores B1(implied)M1A0*
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(b) Note that some candidates may work with e.g. 7 Lm ore.g. =200k which is acceptable.

assume ¥ __ 1 greg 9h_200 ghep only the first 2 method

200fn & i
marks are available (see note below). Condone use of other variables if the intention is clear but the
final answer must be in terms of r and 7.

Candidates who do not have a A e.

M1: Separates the variables and integrates fo obtain an equation of the form _ 4*

t{rc) oe

The constant of integration is not needed for this mark.

AL (<) oc. The constant of integration is not needed for this mark.

3
Condone spurious nofation for this intermediate mark ¢.g. integral signs left in afier integrating.
dMI: Substitutes =0 and /=144 and attempts to find c.
It is dependent on the previous method mark.
Do not be concerned with the “processing” to find “c” as long as they are using =0 and h=144
May be implied by their value of c
ddMI: Substitutes =8 and h=324 and their c and attempts to find /. Do not be concerned with the

“processing” to find / as long as they are using 1=8 and h=32¢
Itis dependent on both previous method marks.
AL: Correct equation in the correct form from correct work. 4% =0.513t+1.728 or 47 %H%

Must follow A1 earlier so do check if this has been obtained fortuitously. Allow 1.73 for 1.728

Note candidates who do not have a 4 e.g assume ¥ =1 _ oreg ¥ _290 can yse either 1=0 and

a 2000 " @I

Bl B w1l §ed 6 b il S conntub ol st
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(b)Alternativ
MI: Finds the reciprocal of both sides and integrates to obtain an equation of the form = .Ji*(+c)

AL 1= 2 () oe. The constant of integration is not needed for this mark

dM1: Substitutes =0 and /=144 and substitutes (=8 and /=324 and attempts to find  or c.
Itis dependent on the previous method mark.
Do not be concerned with the “processing” to find 4 or  as long as they are using 1=
and (=8 and =324 and reach a value for / or . May be implied by their value(s).

ddM1: Complete attempt to find / and c. It is dependent on both previous method marks.
Do not be concerned with the “processing” to find / and ¢ as long as they are using 1=0 and h=1.44
and (=8 and h=324

AlL: Correct equation in the comrect form. % =0.513¢+1.728 o &

and h=144

:_su, 26
1000’ 125

Must follow A1 earlier so do check if this has been obtained fortuitously. Allow 1.73 for 1.728

Special Ca
Some candidates are using the given equation in part (b) to find the value of 4 and the value of B using the

given conditions. May score a maximum of 00110. This should be marked as follows:

MOA0: (No attempt to integratc)
MI: Substitutes ¢ =0 and = 1.4 to find a value for B
M1 Substitutes £ =8 and =324 with their value of B to find a value for 4
A0: Since they have not sed the given model.
(Allow full recovery in (c) if this cquation is correct)

©

M1: Attempts to substitute /= 5 into their equation which must be of the form /% = ¢~ B or possibly a

rearranged equation c.g. /% = A7~ 3 with values of A and B leading to a value for £
Do not be concerned about the processing as long as they use /1= 5 and obtain a value for f even if fis
negative.
Al: Awrt 18.4 minutes following a correct equation in (b).
The units are required but allow ¢.g. min. mins, but no just 18.4 and not m (which means mefres)
Allow e.g. 18 minutes 25 seconds or 18 mins 26 secs
Note this may follow A0 in part (b) as they may have rearranged incorreetly in (b) but use a correct

23 171 14 L [355 706
equationin (¢) e.g. 2% =1 br . 14 3 or may come from the special case.
B @8 38 -t o5 ¥ {0 i

Bl i eloshiier it tnaect ik winb it so 10 4 Eillviad By D
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‘Question Scheme Marks AOs
(@) Lo,
v(25-7)
eg 1=P(25-V)+QV ST |
V=00r V=25 leading to P=... or 0=
Al |1
@
Notes
@
8 1 .0
ML Sets —— and uses a correct method to identify the value of at
v(s-v) ¥V 25-v
Least one constant.
1 P_0Q
Do not condone incorrect work .g. ———— =1=PV+Q(25-V) ete
V(25-v) ¥ 25-7
this scores MO
Al:  Corect partial fractions in any form e.g.

1

Ys 1 1 [T

S 4 B o | ete

11+1%

+ 5 E e
25V T 25(25-V) 25V T 625-25V VT (25-V) 25V 25(V-25)"25\F 25-7

Note that this mark is not just for the correct constants, it is for the correctly written

1
fractions either seen in part (2) or used in part (b). Allow 0.04 for 2

Correct partial fractions only scores both marks.
If the correct fractions are obtained following incorrect work score MOAO but allow full
oy st il i ol
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1 1 1 1
v = | e In¥-—_Ia(25-7
Wayl v(25-7) 57 25(25-7) 25 ) M| 3la
z1.;1/—71n|25 Vp—nm Alft | L1b
1
/:OV:Z(lﬂEanOfEIn(ZSfZO): |¢r E‘M[ M1 34
2 2 2
V=24=1=2in24-2In(25-24)~Tlnt ami | 31
=43 (or exact 24In6) Al | 32a
Q)
Alternative for the final 3 marks:
1 1 ¥ a7
[—lny——lnus—m} :[—r} = 1n24——1n4 M1 | 34
25 25 o L10 25 10
T:—lnu——huu dM1 | 3.1b
25
=43 (or exact 24|n 6) Al [ 32a
©
© Lwr-Lmes-r)=tritus
25 25 0725
InV-In(25-7)=25+In4 M| 21
m VU os=m_ Vo
a(25-7) a(25-7)
=V =4 (25-V) =V + V¥ =100e =¥ = M1 21
Z oo 100 a1l | 11
14
[©)]
@ 25 (microlitres) Bl | 22
Sinceeg As t 0w e " 50 Bl 24
@

(12 marks)
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Notes

®)
M1

Alft:

Mark (b) and (c) fogether

Realises that I V) is required and reaches the form plna¥ £gln §(25-7)

i
v(25-7)
(ore.g. plnaV =gln (V' ~25)) or equivalent for this integration c.g.
pln25V ~qln(625~25F) with p and g non-zero.

But note that j‘ (32577 ~1a¥ (257) docs notscore this mark unless we see an
attempt to integrate the partial fractions first.

Condone missing brackets ¢.g. around the 7'~ 25 for this mark

Note that the rhs may be incorrect or missing for this mark.

Fully correct equation following through their P and Q. The “+ ¢ is not required here
You may need to check carefully when awarding this mark as there will be various
e aisect (it Eosmics B Tanms & it Thoes assecsck (ks conset PR
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Lnosy - Lin(625-257) = =t (+c). ¥ —In(25-¥) = 2.5 (=),
25 25 10

2 P
1n(257) =t(x¢). a5V ~2In(125-57) ~¢(+c)
5

Zinosy
5

In general look for an equation of the form Plna¥’ ~Qln 5(25-7) = %um ora

‘multiple of this equation. Do not condone missing brackets unless they are implied by
later work e.g. 0257 for In(25- V)

Allow ( ) or | | around the arguments of the In's and condone “log” for In.

MI:  States or uses £ =0 and V=20 consistently leading to a constant of integration which may
e simplified or unsimplified. May be implied by their constant so may need to be
checked
This mark is not formally dependent but depends on having made some attempt fo
integrate both sides, however poor.

dMI: States or uses 7= 24 and proceeds to find a value for f (even if £ < 0). You do not need to
check the processing provided they reach a value for 7. Depends on the previous
method mark and depends on an attempt to integrate both sides however poor.

May be implicd by their value for  so may need to be checked.

Al:  Conect value of 43 or awst 43.0 or exact value of 24In6.

Units are not required but if any are given it must be minutes or condone “m”
Note that in hours the time is 0.7167037877.... and scores AQ

Alternative for final 3 marks:

a T

MI: [ Lyt Jn(zsfw} [ ! z} = lmoa-tuwalr

25 25 he T 10
Applies the limits 20 and 24 to Ihs and 0 to “T" or c.g. “f" on hs
This mark is not formally dependent but depends on having made some attempt fo
integrate both sides, however poor.

dM1: T= i(; n24- 1(5) In4=_. Solves to find “T". You do not need to check the
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daM1: T Solves to find “T”. You do not need to check the

On24-L0m4
25 25
processing provided they reach a value for #/T. Depends on the previous method mark
and depends on having made some attempt to integrate both sides however poor.
Al:  Correct value of 43 or awrt 43.0 or exact value of 241n6.
Uhnits arc ot soquitd bt 2f sy aic given st must be mimicssor condonis -
Note that in hours the time is 0.7167037877.... and scores A0
Note

1 B 1 1

— V= | ———ar
257 7 25(25-7) 257 25V -625 25

is also correct integration and scores M1A1
The subsequent marks are also available as described above and could lead to the correct answer

if the limits and constant of integration are dealt with correctly.
Use seview for any examples like these if you are unsure but generally apply the MS as above

wy-Lin(asr-625)= Le(sc)
25 10

() The marks in (c) depend on having integrated their partial fractions fo obtain an equation
of the form %..In.V'%...In..(25-V k.c=0 and ... are non-zero constants or

equivalent if they have already attempted to climinate the In's in (b)
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MI:

Ml:

Al

@

Uses fully correct log work. having obtamed a constant of mtegration. to elimmate all the
In’s including from c.g. ¢"*. We condone sign or coefficient slips only.

V
Beiceds fomen eqnafiba et e i —p Conilp * oe using correct algebra to
v . . .
V=.eg —— = e'= V=_(25-V).e' (.t V=" V=
(25-7)

Condone sign/coefficient slips only.
Correct expression not just values for the constants

Correct value of 25 seen
Allow e.g. <25 or ,, 25
Condone * > 25 but the following mark is then not available

Depends on a correct final equation in any form in (¢) e.g. ¥ = oc and one of:

1+4
>0 (condone *

Considers the behaviour as £ o c.g. states that as £ >,

¥<25 as 1n(25 — V) is not possible when ¥ ++-25
.9

0%)0e

Verifies the 25 using a value of 7.

Using the differential equation:

Bl:

Bl:

Correct value of 25 seen
Alloweg “<25"or,, 25
Condone > 257 but the following mark is then not available

ar ar

E.g. when V=25, 0or =—<0ifV>25

dr
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Question Scheme Marks | AOs
® eg 018 A B s 18ma(x-2)+B(x+4)
G4 (x-2) x+4 x2
ar Bl |11
3ic—18
A
Gh18-68=B-
ar
3ke-18=(4+B)x+4B-24= A+ B=3k, ~18=4B-24 BIE s
== or B=
2%k+3 k-3 Al L1b
x4 x—
[©]
®) S
[ 223" T3 e (e A) - InGe-2) M |12
J x4+ x-2
("2k+3")In(x+4)+("k-3")In(x-2) Alft | L1b
(243115 - (k-3 = 21 a3
6 Al |22
@
7 marks)
Notes

@

BI: Correct form for the partial fractions and sets up the correct corresponding identity which may be

implied by two equations in A and B if they are comparing coefficients.

MI: Either
o substitutes x=2 or x=—4 inanattempt to find 4 or B in terms of k.

« expands the rhs, colleets terms and compares cocfficients in an attempt to find 4 or B in terms of £

Or may be implied by one correct fraction (aumerator and denominator)
You may see candidates substifuting two other values of x and then solving simultancous equations.

AL Achieves 2% *4 3 \with no errors. Must be the correct partial fractions not just for correct
x+4 x2

numerators. May be seen in (b). Correct answer implies BIMIAL. One correct fraction only BOM1AO
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®)

—.dn(x-2)

MI: Attempts to find 1"\"2*’3 "E=3") 4 Score for either s nGrd) o

vl g x+ x—2
Allow the .. to be in terms of £ or just constants but there must be 00 x terms.
Condone invisible brackets for this mark.
Alft: ("2k+3")Infx+4]+ ("k-3"njx-2|
‘but condone round brackets e.g. ("2k+3") In(x+4) +("k—3") In(x—2) or equivalent e.g.
("2 +3")In(x+4) + (k-3 In(2—x)
Follow through their partial fractions with numerators which must both be in terms of .
Condone missing brackets as long as they are recovered later e.g. when applying limits.

AMI: A full attempt to find the value of & To score this mark they must have attempted to integrate their
partial fractions, substituted in the correct limits, subtracted either way round. set =21 and
attempted to solve to find k. Condone omission of the terms containing In(1) or In(-1).

Note that e.g. In(-5) or In(5) must be seen but may be disregarded after substitution and subtraction.

Do not be concerned with the processing as long as they proceed to k=

Condone if they use x instead of & after limits have been used as long as the intention is clear.
21-6ln5 21-3M25

21
i t equivalent e.g —————
56 or exact equivalent ez = -

Al: Deduces (&

Allow secovery from expressions that contain e.g. In(~3) as long as it is dealt with subscquently.

Also allow recovery from invisible brackets. Condone x = &
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Some candidates may use substitution in part (b) e.g.

(EER T 1 (23 g, ( =

J s T2 JUxeg (x—2

u=x+i= | (123 g '\”2“3” |du=_1nu
JUxes I\

("E=3"

u=x-2

dx [\”k’lﬂ]m: mu

@ )

Score M1 for integrating at least once to an appropriate form as in the main scheme e.g. ..l
Alft: For "2k +3")lnfu|+ ("k 3" nu|

‘but condone ("2k +3")Inx+ (" —3") lnu which may be seen separately

Follow through their “A" and “B" in terms of k.

Condone missing brackets as long as they are recovered later ¢.g. when applying limits.
M1 A full attempt to find the value of k To score this mark they must have attempted to integrate their

partial fractions using substifution, substituted in the correct changed limits and subtracts cither way
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round, set =21 and attempted to solve to find & Do not be concemned with processing as long as they
proceed to k= ... Condone omission of terms which contain .g. In(1) or In(-1),
Note that e.g. In(-5) or In(5) must be seen but may be disregarded after substitution and subtraction.
[k +3)mu] +[(-3)Inu]} =21= @k +3)n5-(2k +3)Inl+(k-3)Inl-(k-3)In5 =21

= (2k+3)In5—(k-3)In5=21= (k+6)ln5=21=k =

21 32
AL 4= 2L 6 orexactequivalent e 2100 2173123

2llog;e~6
Ins In5 In5 e

Allow secovery from expressions that contain ¢.g. In(~5) as long as it is dealt with subsequently.

Also allow recovery from invisible brackets.
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Question Scheme Marks | AOs.
@ |Atempts
& < (2sin2r+ 3sine)<16sinreost and uses sin2t=2sinreost | M1 | 21
Correct expanded integrand. Usually for one of
(R;:j 48sin’ rcost+16sin’ 21 dr
Al |1
Attempts o use cos 4t =1~ 2sin’ 2= (1-8sin’rcos’r) Ml | Lib
R:j 8-Scosdr+48sin’ rcosrdr * A | 21
o
=
Deduces a=Z Bl |22
(O]
®) j 2 _ 3 M1 21
8—8cosdr+48sin’ rcost dr =8 — 2sindr +16sin’r ol e
3T M1 21
[sr—ZsmArnssm rl =2m+4V2 Al | L
“@
(© marks)

Notes:
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(a) Condone work in another variable, say 0 <> 7 if used consistently for the first 3 marks
MI: For the key step in attempting . % (2sin2¢+3sint)x16sinf coss with an attempt to use
sin2t=2sinfcost Condone slips in finding % ‘but it must be of the form ksinfcost
dr
Egl g =(2sin2r+3sin)ksintcost = (4sinrcost + 3sint) xksint cost

Egl %:(25m2r+35m1)xksmtcest:(Zsm2/+3smr)x%sm2r

Al: A correct (expanded) integrand in 1 . Don't be concerned by the absence of | or df or limits

(R':". 48sin’ tcosr +16sin’ 2 dr or (R) j4xsm‘rcosr+é4sm‘zms‘rdz

but watch for other correct versions such as (R)= '[ 4sinrsint+16sin’ 21 dr
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+2sin” 2t to get the integrand in the correct form.

M]1: Attempts to use cosdt =

If they have the form Psin’ 2t it is acceptable to write Psin’ 2/—%(111@40

cos

If they have the form Qs sight and use of sin2¢ and/or c0s2twill usually be scen first.

There are many ways to do this, below is such an example
s 1-cos2t(1+cos2t 1-cos’ 2t 1
Osin’ rcos’ t Q( = /[[ = ],Q[ . g

Allow candidates to start with the given answer and work backwards using the same rules

So expect to see cosdr=+1+2xsin’ 2¢ or cosdt =+2xcos’ 2t +1before double angle identities for

sin2f or cos2tare used.

A1*: Proceeds to the given answer with correct working. The order of the terms is not important.
Tgnore limits for this mark. The integration sign and the dr must be seen on their final answer.
If they have worked backwards there must be a concluding statement to the effect that they
know that they have shown it. The integration sign and the dt must also be seen

E.g Reaches j 48sin® fcost +64sin’ feos’ £ d

Answer is "'x—ScosaHusmffcesm
,'[ 8-8(1-2sia” 2¢)+ 48sin’ rcosr &t
:'[ 165in’ 2¢+ 48sin’ rcos dr
:J' 64sin® rcos’ 1 +48sin’ rcost df

which is the same. v’

BI: Deduces a =~ . It may be awarded from the upper limit and can be awarded from (b)
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(b)

M1: For the key process in using a correct approach to integrating the trigonometric terms.
May be done separately.
There may be lots of intermediate steps (e.g. let u = sin 1)
There are other more complicated methods so look carcfully at what they are doing.

j 8—8cos4r+48sin’ fcost df = .+ Psindt £ Qsin’ t where P and Q are constants

AL J' 88 cos4r+48sin’ rcost dr =8 — 2sindr +16sin’ 1 +¢)

If they have written 16sin’ ¢ as 16sin’ only award if further work implies a correct answer.
Similarly. 8¢ may be written as 8v. Award if further work implies 8. e.g. substifuting in their limits,
Do not penalise this sort of slip at all, these are intermediate answers.
xn % "
Jor% inan expression of the form kr £ Psin 4t Qsin’t

leading to an exact answer. gnore evidence at lower limit as terms are 0

M1: Uses the limits their  and 0 where a =

8
Al: CSO 2m+4+72 or exact simplified equivalent such as 2T+—= or 21 ++/32.

Be aware that ".78f8ces41+485m2!c05rd!— r-+1.sin 47 +16sin’ £ (+¢) would lead to the
o

ot Gabae but wroeid waly ccise MY AD M1 AD
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Question Scheme Marks [ AOs
® States or uses h=025 B1 Lia
Z{1+0.1054+2x(0.9394+0.7788+0.5698-+0.3679-+0.2096)} | ML 11b
=0855 Al 11b
@
[O0) o
dr = 2x(a)=1.71 Bift | 22a
@ B [ s
+7 |dx= 73]’ =(a)+7x15
J’n \e J x = (@) +[7x]," =(a)+7x o S
855+10.5
11.355 Al | 11b
[B)
(6 marks)
Notes:
@
Bl: Statesoruses h=025
Mi: A full attempt at the trapezium rule with their
Ally terms must be present but condone copying slips
Do not condone missing brackets unless implied by subsequent work.
Al: 0.855 only (not awrt)
(Note that the calculator answer is 0.856)
(b)(1) Attempts to use the trapezium rule again score no marks.
BIft: For 2x their answer to part (a). Correct method must be seen.
®)G)
MI:  Awarded for their answer to part (a) + 7x1.5 or their answer to part (a) + 10.5
Alft: Correct working followed by awrt 11.4 but ft on their 0.855
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‘Question Scheme for Supstitution Marks AOs
Chooses a suitable method for j afx+2de
o
Award for M1 3la
 Using a valid substitution 1 =..., changing the fems fo 1/s
«  integrating and using appropriate limts
Substitution Substitution
dx dx Bl 11b
NFFTo = o u=x+2=30=1 o
j2x4x+zdx j 2xfx+2de
M1 11b
:.[A(ulil)fdu :jA(utz)ﬁml
5 3 ER
=P i st a1 21
:g.ﬁ—%u! Al 11b
Uses limits 2and /2 the Uses limits 4 and 2 the correct v L1
correct way around ‘way around
32 . -
:E(“ﬁ) Ar 21
(0]

(7 marks)
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Question Marks | AOs
@ Bl L1b
M1 21
Ml | L
= —Slnu+2u {+c} ML | LI
Al Llb
= —8lafs—F[ < 24—I) + ¢ = ~Stal4—V|- 24 +k * Al 21
(6)
4—i
@ 0 _o 2 4-i=0 M1 34
20 |
Deduces any of 0< /1 <16, 0=h <16, 0<h=16. 0= h=16.
Al | 22

h<16. h=16 orall values up to 16

[®)
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© L g

w1 “ Bl L1b
ol - L M1 Lo
Sat VA~ 2 = 5o () Al Tib
{t=0.h=1=} 78].11(471)72‘/(T:%(0)”5+r M1 34

=c=-8IG)— —8inj4— - =L -

c=-8I(3)-2 = Rln‘4 \/ﬂ zJ',Ey SIn(3)- 2
aM1 | 3la

{h=12=} -8In| *_8In(3)-2
=2212795202... = 1= "§2212795_. or 1=(2212795..)" M1 L1b
T=75.154.. == 752 (years) (3 sh) or awat 752 (years) Al Lo
Note: You can recover work for part (o) in part (b) (@)
= T
(©) j 2 dh:.[rsdt Bl L1b
Way2 @) o
w4, M1 L1b
20(-8inf4 - |- 240) | = £
[oncsufe- 240 | {4+ o
20(-8In(4—12) - 24/12) —20(-81n(4 —1) - 241) ML 34
aMI_| 31a
T =221.2795202... = T= '32212795_.. or T=(221.2795..)"° M1 L1b
T=75154.. =71 = 752 (years) G sb) or awrt 752 (years) Al Lo
Note: You can recover work for part (<) in part

(15 marks)
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Notes for Question

@
T
Bl: See scheme. Allow du =~ 173dh, d = ~24-udu, dh=-2Fidu o
i
M1 | Complete method for applving =40 | T T e i
J.Mdu k=0
u
Note: | Condone the omission of an integral sign and/or du
Ml: | Proceeds to obtain an integral of the form I; A, )@y 4,820
u
MI: J., A1 B|{@w > Dlau+ Eus 4, B. D, E =0; with or without a constant of integration
u
Al I; By |{du} > —-8Mnu+2u : with or without a constant of integration
u
AT | dependent on all
Substitutes =4~ into their integrated result and completes the proof by obtaining the
printed result —31:.‘4—@ —2Jh +k
Condone the use of brackets instead of the modulus sign.
Note: | They st combine 2(4) and their +c comrecily fo give +£
Note: | Going from —8m‘4—ﬁ‘ +24-M) +cto —81..‘4—@ — 247 + k. with no intermediate
working or with no incorrect working is required for the final A1* mark
Note: | Allow Al* for comrectly reaching —sm‘fo—m 2l +c+8 and stating k=c+8
Note: | Allow Al* for comrectly reaching 78]1:‘47@ +2(4—R) + k = -8l 4—@‘ —2Jh +k
‘Alteruative (infegration by parts) method for the 2* M3 M and 1" A mark
{J‘Md‘, = J.Z”’8 du } =Qu —s)m—jzmau = Qu-8)lnu - 2ulnu—u) {+c}
u u
2 M1: | Proceeds to obtain an integral of the form (du+B)lnu Iam {du}: 4.B=0
34MI: | Iniegrates to give Dinu + Eu; D, E =0: which can be simplified o un-simplified

with or without a constant of integration.

Give 3% MI for (2u—8) I — 2(ulnu—u) because it is an un-simplified form of Dinu + Eu

Tntegrates to give (24~ 8)lnu — ulnu—u) or ~8lau+2uo.e,
with or without a constant of integration.
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®)

MI: | Uses the context of the model and has an understanding that the free keeps growing until
g S JF6. A]l:‘m'\uxelythz\canwnw% 0= 4= =0

Note: | Accept }1=16 or 16 used in their inequality statement for this mark

Al: See scheme

R | & Gancsinnt e atn Bl 0 Sasans ki
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Notes for Question
© Way 1
BI: Separates the variables correctly. dr and df should nof be in the wrong positions, although
this mark can be implied by later working. Condone absence of integral signs.
MI: Integrates 1°% to give A'>; 120
Al Correct integration. E.g. —xm‘4—ﬁ‘— 240 :%r‘ﬁ or m(—sm‘4—ﬁ‘— 24h) = ::”5
E _ 24— Ll : j, 5 4
Rln“l Jﬂ +24-+) 55 or 20 811:‘4 Jﬂ+2(4 N5 5
Note: | There is no requirement for modulus signs.___________________________ N
MI: | Some evidence of applying both 1 =0 and 1=1 to their model (which can be a changed
equation) which contains a constant of integration. .g. k. c or 4
dMI: | dependent on the previous M mark
Complete process of finding their constant of integration, followed by applying /1 =12 and their
constant of integration to their changed cquation
MI: e
Note:
Note:
Note: )is a result of substifuting
an dn
into the given 7 Note: They will sually write % as cither 12 0r 11
AL awrt 752
© Way 2
BI: Separates the variables correctly. d/ and dr should not be in the wrong positions, although
this mark can be implied by later working.
Note: | Integral signs and limits are not required for this mark
M1: | Same as Way 1 (ignore limits)
AL Same as Way 1 (ignore limits)
MI: | Applics limits of 1 and 12 to their model (i to their changed cxpression in /) and subiracts
dMI | dependent on the previous M mark
Complete process of applying limits of 1 and 12 and 0 and T (or ') appropriately to their
changed equation
MI: | SameasWay1
Al ‘Same as Way 1
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(@)

4y

1

2cosu (du) M1 | 31a
¥a-x J‘4smzuy4—4sm3u
Uses 1-sin’u=cos’u =4-d4sin’u=2cosu dM1 | 11b
1 1
=| ————2cosu(du)= | Scosecudu Al 21
4sin®ux2cosu 4
Deduces a=% and b= Bl | 22a
@
(b)
Bift | 12
tZ M| 21
3
Al | L1b
O]

(7 marks)
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Notes:

@

MI:  Proceeds to =

S xBeosuo.e. or may be implied by — 2% oe

Asin’ uy+C+Csin’u Dsin’ ucosu

interms of wonly 4, B, C,D #0
Requires dx —...cosu (du) o.e. Condone the omission of the integral sign and du for this

mark. Condone the +Bcosu appearing after the du if present
1 cosec’u
or

‘where D#0

It cannot be implied by
Dsi

dMI1: Attempts to use +1+sin’ u =+ cos’ uto change y=C+Csin’u to pcosu o.e. (Must be
seen somewhere in their solution which may be part of side-workings)

May be seen as e.g 1 xBcosu or L xBcosu

Asin® uy/Ceos’u Asin® ux Fcosu

Itis dependent on the previous method mark
Al J. % cosec’u du Tgnore any limits or the absence of them for this mark

Requires the integral sign and du. Do not isw. Must be seen in (a)
Bl: Deduces a :% and b :% (in radians) May be with their final integral in the correct
positions or stated separately which value is @ and which value is b. Must be seen in (a).

Alternative part (a) (Further Maths)

x cosec’u

M1 u:msm(—]ﬂf

.D%0

It cannot be implied by

g el L oo i s 2y and proceeds i) L1t is dependenton
& Jae Tsnu

the previous method mark
AL .[ % cosec’u du Tgnore any limits or the absence of them for this mark

Requires the integral sign and du. Do not isw. Must be seen in (a)
Bl: Deduces a :% and b :% (ust be in radians)
May be with their final integral in the correct positions or stated separately which value is
a and which value is b Must be seen in (a)
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®)

BIft

M1

Al

Condone x instead of « provided the appropriate limits are substituted into the
function

keosec'u —>— kcotu (may be left in terms of k= 0)

eg —2cosec’u — 2 cotu is Bl (look for the sign o change as well)

Note some candidates may prefer to change

3 5 s Bk
J. %com‘u (du):—J. %cosec'umu):%com (+¢) which scores B1ft

Uses the limits % and % either way round (or condone use of 30° and 60°) in an

expression of the form %g cotu and subtracts (either way round)
Allow g =1. May be implied by their final answer provided BIft has been scored.

May write as e.g. -
E

o
3 Zcotg 1s MO.

‘The expression is sufficient but if just a value is stated following integration to the
required form then you may need to check this on your calculator.

Do not condone a sign slip here e g — %cotL

Ifno algebraic integration is seen then MO
If only decimal values are seen then MO

N

1
—L_or X2 provided the previous fwo marks have been scored.
2B e e

23

: 1
Note that incorrect integration e.g. J. k cosec’u du =k cotu — == scores BOAM1AO
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x

PR (=L R I Ca0) S M1 31a
(2x+1) 4
(2x+1)" M1 L1b
-2
o v
4(2x+1)° 8(2x+1) Al Lo
eg E I S I I E—— daM1 | 11b
a(2x2+1)  8(2x2+1) 4(2x0+1] 8(2x0+1)
2 1.1 2
2 112 +
& 10 %783 Al 2!
®)
Al
M1 3la
am1 11
Al 11
dam1 | 11b
Arx 21
®)

(5 marks)
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Notes:

MI:  Obtains ox(2x+1)7 Iaj@xﬂ)'l (dx) o.e. where o, B0 but may be equal to each
other (you do not need to be concerned about how they arrive at this)
dML: Uses a correct method to integrate an expression of the form
15](1; 417 (dx) > £y@x+D7, By=0
It is dependent on the previous method mark
x

4(2x+1) 8(2x+1)
Watch out for the DI method

Al . o.e. Allow this to be unsimplified

1
+ x (@2x+1)"
= 1 N _@uen?
4
. 8 x+1)"!
3
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MI: For attempting to mteg

«  terms and limits changed to

rate using substitution. Look for

s. Condone slips and errors/omissions on changing d — du

« attempted multiplication of terms and raising of at least one power of by one. Condone slips
« Use ofat least the fop correct limit. For instance if they go back fo ' the limit is 2

dx
the substitution and stating a comtect
E”

BL: For substifution it s for givin

dx a 1
Eg. u=x+2 =" =2u or equivalent such as

du dr 2 fx+2
ML Itis for attempting to get all aspects of the integral n terms of
Al terms must be attempted including the d. You are only condoning slips on signs and coefficients
@M1 It is for using a correct method of expanding and integrating each term (seen at least once) It is
dependent upon the previous M
AL Correct answerinx or 1 See scheme

AAM1: Dependent upon the previous M. itis for using the correct lin
around

ts for their integral. the correct way

Al": Proceeds correctly fo
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g atianeg | Y e SRR CHD
(2x+1) 4 8

Score M1dM1 for obtaining =px(2x+1)” £g(2x+1)", p.q=0 and Al for both comrect

ddM1: Substitutes 0 and 2 into an expression of the form £px(2x+1)" £g(2x+1)", p.g=0 or
equivalent and subtracts either way round. Evidence of limits used cannot be the given
answer. Condone slips but not directly evaluating the expression as 0 when x is 0. It is
dependent on both of the previous method marks.

Al*: Shows evidence of evaluating after or when the limits are substituted in before proceeding
to the given answer with no errors seen including invisible brackets and all previous
marks scored. Condone missing/poor notation e.g. missing the dx throughout

Alternative method I — substitution using  =2x+1

(du) oe

u

MI:  Uses a suitable substitution e.g. u=2x+1 and proceeds to _4J.

dM1:  Splits into separate fractions and attempts to integrate J. u” ~u” (du) Look for at least

one correct index for one of the two terms i.e. ¥ —u™ or u™ —>u™ . It is dependent on
the previous method mark

£ A} <
Al —qu +gu oe

ddM1: Substitutes correct limits (1 and 5 if in terms of u) into an expression of the correct form
&

U+

(or may have substituted back in terms of x and substitutes in 0 and 2 into an

expression of the correct form +p(2x+1)" +g(2x+1)", p.g=0 o.e and subtracts either

way round — see above for ddM1). Evidence of limits used cannot be the given answer.
Condone slips. It is dependent on both of the previous method marks

Al*: Shows evidence of evaluating after or when the limits are substituted in before proceeding
to the given answer with no errors seen including invisible brackets and all previous
‘marks scored. Condone missing/poor notation e.g. missing the du throughout
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Alternative method II - partial fractions

ML Writes —X a5 02 o8
(2x+1)° (2041 (20+1)

N are constants)

. [ o[ 2 22
(2x+1) (2x+1) (2x+1)
1

1
4(2x+1) 8(2x+

A oe.

ddM1: Substitutes 0 and 2 into an expression of the correct form + _(2x+1)" = (2x+1)" and
subtracts either way round. Evidence of limits used cannot be the given answer. Condone
lips but not directly evaluating the expression as 0 when x is 0. It is dependent on both of
the previous method marks

Al*: Shows evidence of evaluating after or when the limits are substituted in before proceeding
to the given answer with no errors seen including invisible brackets and all previous
‘marks scored. Condone missing/poor notation e.g. missing the dx throughout.
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Question Marks | AOs
M1 | 21
Al | 11
amt | L1b
M| 21
a1l | 11
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(5 marks)
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Notes

Mark positively in this question and do not penalise poor nofation such as a missing “dx” o
spurious integral signs, “+ ¢” etc. as long as the intention is clear.

MI:  Obtains tax’e™ £ J‘x e dr

(you do not need to be concerned about how they arrive at this)

oo [
- 3

Al:  Conect expression simplified or unsimplified. E.g. allow —

Note that we condone the “8” missing for this mark so allow c.g —% e —J’—% ey

Note that notation may be poor here but the inention clear e.g. if they obtain
8
3

+|:%e } and then attempt to integrate me = both marks can be implied.

dMI: Attempts parts again on %, pJ. x e dx to obtain Axe ™ £ B | e dx

This may be seen in isolation and does not need to be seen as part of the complete
integration. Depends on the first method mark.
Wach for the DI method (with or without the 8):

D
+ 827
- 16
-+ 16 T~
- 0 BT
23 e 16X 5 16 s
Giving the correct integration e.g. .[m L Rl

In such cases score M1dM1 for obtaining +px’e™ =qxe™ tre™, p.g.r=0

and then A1 for the correct first 2 terms, with or without the factor of 8
i s e e L e





image51.jpeg
MI:  Substitutes the s 1 and 0 mto an expression of the form
tax’e™ £ fxe™ £ e, @, .y =0 and subtracts the right way round.
Must see evidence of the use of both limits and subtraction and use of & =

8
Note that some candidates apply the limits as they go e.g. to the {— s w which is
acceptable but you will need to check carefully that overall they are satisfying the
conditions above.
Condone not realising that the first 2 terms evaluate to 0 when substituting x =0 .g.

811616 as we have evidence of '

377977,

16 136 5 16
! |=- 27 scores MO as it suggests

0=1

that ¢ =1 not +1

Al: Correct answer of % - % & but allow equivalent exact fractions and condone

16 136
— =2 Isw once the correct answer is seen.

27 278
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Candidates who consistently misread 8x’e™* as 8xe” :
.
3
16 .
3  A60e 116 axe
9 9
1605 16 5T
Dy 2
CAlE T
85 265,165 1621405 716
656 ok
37 Ngbi g \2r)oT 9%

Scores a maximum of M1AOMIMIAQ
The main scheme can be applied similarly e.g

>0

MI1:  Attempts parts to obtain ax’e’ — /iJ.x Fdx, a,
A0 Not available
dM]1: Attempts parts again on ﬁIx & dx to obtain Cxe™ — DJ. e dvr, C.D>0

MI:  Substitutes the limits 1 and 0 into an expression of the form
+Ax%e™ £ uxe®™ £ ye¥, 4,11,y = Oand subtracts the right way round.
Must see evidence of the use of both limits and subtraction and use of & =

A0:  Not available

it il e L s B e s e e e W i S
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‘Question ‘Scheme Marks AOs
® x:asmzzf:»%:zasmycoss Bl L1b
T
Ixzx/afxdx:.[«/;slnﬂ\/afasmzHxZaschosH{dH} M1 21
:Iﬁmaﬁcosaxzasmacasada:Zaljsmlacasleda
N M1 | 3da
:Za’-[[ls,nzﬁ) do
2
Replaces or considers limits {x=0=>}6=0, {x:aﬂ}b’:%
. Alx Llb
)
® M1 Llb
am1 21
Al Llb
Al Llb
)

(8 marks)
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Notes

@
BI:

MIl:

&
<X —2asinBeos6 or dv=2asinBeos# 8 o.c. seen or implied by their substitution

da

il dx
Note that writing x =asin’ 6 == (1~cos26) = = asin 29 is correct. Condone use of

:
Attempts to substitute, fully replacing x* and Ja—x with 6's and dx with their dx =

1
Look for x?y/a—xdv —£(8)g(6)h(8) where
o f(0) isanattempt at Vasin’ 6 e.g. allow asiné but just asin’ & is not condoned

o g(0)isanatemptat Ja—asin’ 6 butnot ya—asin’ 6 unless ya—asin’ 6 is

attempted first

dx
+ (8)= their dx o their 5 or (in tems of & only but condone da seen)

their —
dae

1
Condone slips provided the intention is clear. e.g. X2 —/asin’ 6 but x must be eliminated.
There is no need to replace the limits and condone the absence of d& and/or the integral sign

g i
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dMI1:

Al%:

®)
MI1:

dM1:

AL

AL

Attempts to use sin 26 = 2sinfcosf to convert an integral of the form J sin@cos’ 0 d0 or

in’ 20 d0

c.g. the form Isml}cosﬂsinﬂ)dl? to I

There is no need to replace the limits and condone the absence of ¢/ and/or the integral sign
for this mark

2

answer and proceeds with no errors to the given answer. The replaced limits may appear with
their integral symbol and do not have fo be justified and do not have to appear on every line.
Condone infrequent slips in notation. e.g. siné” in a line as long as it is not consistently poor.
You must sce the integral sign with the correct limits and the dé together in the given answer.

Replaces or considers limits {x=0=>}6=0, {x=a=}6="" at some stage before the given

Adopts an appropriate strategy by using the double angle identity to obtain an integrable form

5 1t
." sin® 2046 - j #da which may be seen as

7‘." sin’20d6 — %j‘ £1%cos48d6 with the % absorbed into their coefficient of the

integral
Integrates into the form pf/ g sin 40

Correct integration of uJ.sm: 26d6 to sin46 |. Here 4 maybe 1

Condone lack of limits here.

1
Applies limits o the correct integral and proceeds to 7" following corect work

There is no need fo see 0 substituted in and condone any omission of integral signs and/or d6/

Note that %[H* %sm4€:| = % 7a’ is incorrect and scores M1dM1A0AO
L

+coskd

5 Vi
Use of sin 26 with £ # 4 scores MOJMOAOAQ but may lead to Z7a”

i 1
Condone use of x in place of @ e.g. %[x—;suﬂx}

See overleaf for some alternative approaches.
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Alternative  (a) working backy

1 G dx 3
= uz.“ sin? 20d6 i 2asin@cosd score BI (as in main scheme)
2%k

:%,{fk25m9cosaw¢25macosems
o

:“."ﬂsmﬁmsﬂdx
o

Score M1 here for using the double angle identity and replacing ... sin#cos d6) with dr

=a ." \/E - ar
bVaV a
Score dMI here for a full attempt to replace all trig leading to everything in ferms of x only

.sinfcos# dv

Must come from the form j

Al fully correct with limits replaced / considered before the final line and the final line fully
correct with limits, integral sign and dx as per the main scheme
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‘Question Scheme for by parts Marks | AOs
Al
Chooses a suitable method for j 2xfx+2 dx
Award for : M 3la
«  using by parts the correct way azound
« _and using limits
3
(x+2)2 Bl 116
M L1b
a1 21
Al L1b
Uses limits 2 and 0 the correct way azound dav L1b
arr 21

o)

(7)
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Alternative  (b) via IBP Way 1:

B (e msin?
o u=sin’26
o 4sin28cos26 v=4]
[6sin® 26T —4j’7emzscos2ede

" o

‘1(:5 v'=sindg |

:[emfzs]é 72"‘;675m4b7d9

=

=[osin?26T - z‘ {— Geod “T - f— °°:4€ a8 ’ Score M1 here
o

4 o

Bcos48  sindd
4 16

:‘:Hsml 29]; —2[— } Score dM1 here. A1 if correct (ignoring limits).
o

feosd4d s\n49}

:[emf 20+
2 g

3

i
(0+0-0)=1 - Jj ax d
4 |Jo

émz: score A1* (with no errors).

[0+Z-0
T 7
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Alternative  (b) via IBP Way 2:

."’sm"ydﬂ

[ stdcosZH:|

—j’z—cosi 2046
2 3

o

i"‘ smzwda—fsmﬂmw:[75‘“29:“29}2+"'Eceszzede+"' sin?20d6
o o 2 L e o
=2 Esmzwdﬁz[—w}:v."ildﬁ Score M1 here

o g

,[,w + a} Score dM1 here, Al if correct including the 2
o

(ignoring limits).

score A1* (with no errors)
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Question’ Scheme Marks | AOs
13(a) | @ Esplains2x—g=Owhen x=2o0e Hence =4 * Bl 24
(i) Substitutes | 3. Do yo P73 i cotves M1 L1b
"2 T (2x-a)(x+3)
79
- =p-9=6=p=15* .
ENPNORE )4 Al 21

&)
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®) 15-3x
Attempts to write —— >~ _in PF's and integrates using In
cmpt to wite 1 —vin PP andinegrtes using os it .
between 3 and another value of x.
15-3x 4
-4 leading to 4 and B
D) (xe3) (x-a) (xe3) e ML L1
T5-3x 18 24 09 24 _ " o
(x—4)(x+3) @9 (x+3) -2 (x+3) -
15-3x
I= | ——% _dvr=mlnQx—4)+nla(x+3)+
_‘-(zx—4)(x+3) mIn(2x—4)+nln(x+3) +(c) M1 11b
15-3x
I=| = dr=09ln(2x—4)-24ln(x+3) Alg Lb
-9)(3) In(2x=4)=24ln(x+3) oe
5
Deduces that Area Either | — 222
2x—4)(x+3)
3 H— B1 22a
s
o[ IS
Uses correct In work seen at least once for In6=In2+1n3 or
Ing=3m2
am1 21
[0.91n(6) - 2.41n(8)] ~[0.91n(2) - 2.41n(6)]
=33I6-7.2In2-09ln2
—33I3-48mh2 Al Tib
®

(Tmarks)
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(@)
B1*: Is able fo link 2x—¢ =0and x=2 toexplainwhy g =4

Eg "The asymptote X =2 is where 2x—g =050 4—¢
*The curve is not defined when 2x2-¢=0=>q=

There must be some words explaining why g =4 and in most cases. you should see a reference to
cither "the asymptote x=2". "the curve is not defined at X =

" 'the denominator is 0 at x=2"

s s | g PR e
2 (2x-4)(x+3)
Al b | 37 | T e A Y B
2 (2x—4)(x+3) 2 (2)x(6)
A1*: Full proof showing all necessary steps % (Zp);(gs):pr:G:P:B

In the alternative there would have to be some recognition that these are equal g v hence p =15

(b)

MI: Scored for an overall attempt at using PF's and integrating with Ins seen with sight of limits 3 and another
value of x.

15-3x B
ML 2T _leading to 4 and B
(2x-4)(x+3) (2x-4) (x+3)ea N -
15-3x 18 24 09 24 9 12

or for example

Al: = = - 4 > : o s
(2x-4)(x+3) @x-9) (x+3) (=2 (x+3)  (@0x-20) (5x+15)
Must be written in PF form, not just for correct 4 and B

15-3x

e Tere Ll C U CL )

MI: Area R = I

Or j%m:mmaa)mmms)

m

Note that 16T

[ ’ dx - Iln(kx—2k) and j'

dv— mln(mx+3n)
[C=) \
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S
Alfe: :J‘mt‘k:09]n(2xf4)72.4].u(x+3) oe. FT on their 4 and B

B1: Deduces that the limits for the integral are 3 and 5. It cannot just be awarded from 5 being marked on

15-3x

m(m{) o [......c...., having performed an integral which

Figure 4. So award for sight of J‘

3
may be incorrect
dM1: Uses correct In work scen at least once g In6=1n2+In3 ., In8=3In2 or mInGk—mln2k =mn3
This is an attempt to get either of the above In's in terms of 1n2 and/or In3
Ttis dependent upon the correct limits and having achieved mIn(2x—4) +nln(x+3) oe

3n3—4 82 oe
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Question Scheme Marks | AOs
) M1 3.1b
Al 33
@
() 7500 Bilft 34
)
© Ml | Lib
Al LIb
Al LIb
[6)
@
Mi1:  Substitutes x =4 and 7= 0 into the given equation and solves to find a value for k.
Atd Comoreqtion e QU)o e S0 e i k= 10
4+5 # 4+5
®)
Blft: 7500 oe c.g. 7.5 thousand. Follow through their k so allow for 0.75k x1000
©
MI:  Correct method of partial fractions leading to values for 4 and B
Al:  Corect AorB
42 2
Al

=+ Correct partial fractions not just correct values but award if
6x—x* 3x 3(6-x)

correct fractions are seen subsequently.
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@

M1 3la
Alft 11b
M1 34
M1 21
Al* 11b
®
© Bl 34
(0]

(12 marks)
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@
Mi:  Correct attempt at integration using Ins. Look for alnx+ gln(6-x)=1(+c)

Alft: Correct integration ft on their values for 4 and B. No requirement for + ¢ here.

>
Note that S1n3x—ZIn3(6-x)=r( (+¢) is also correct.

dMI: Correct method to find "c" using r=0 and x =4

dMI: Depends on the first method mark only.

For the key steps in making x the subject of the cquation.
o Uses correet In work and proceeds to a form Inf(x) = ar

o Uses c as the inverse function to In and cross multiplics (0.¢) to get both x terms on the
same side of the cquation

o Requires a constant of integration that may or may not have been evaluated.

: : : 1267
Al%: Corect processing leading to the given answer x = ——
14+2¢
Notethat 2% and 3 method marks may be warded n the reverse order ¢
3
Zlnx-Zin(6-x)=rrem T mrresm Tk

6-x 6-x

B

1+4e”

©
Bl: 6000 oe e.g. 6 thousand
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@ I 04500 I _s03r ML | 31
ar ar
‘:TV 045-27
'dy 10 A | 21
205 —o-6r+
ar
@
T ar_1 1 1
® - ar Bl | LIb
M1 | 11b
Al | 1w
7%1n‘976V‘:%+C
A aM1 | 31a
f:O,V:O,ZSﬂ(:(*Eln75]
Liwrs-Llup-erj=L
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03t
-6 a1l | 21
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y35 o
274

5)





image4.jpeg
M1 For attempting using by parts to solve It is a problem- solving mark and all elements do not have
to be comrect.
« the formula applied the correct way around. You may condone incorrect aftempis at
integrating X+ 2 for this problem solving mark
«  further integration, again, this may not be correct, and the use of a least the top limit of 2

22}

x+z;1 oe szbeawardedj. 23+ 2 dv > x

Bl: r«j‘(ﬁm:

: :
MI: For integration by parts the right way around. Award for Ax(x+2)7 7J.B(r+2'3 (dv)

3 s
dM1: For integrating a second time. Award for Ax(x+2)2 —C(x+2)7

AL %:(nv), 771”2) which may be ua simplified
AdM1: Dependent upon the previous M. it is for using the limits 2 and 0 the correct way around

32
A1*: Proceeds to

2+42) ) Note that this is a given answer

15

At least one correct intermediate line must be seen. (See substitution). You would condone missing
s
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Notes

@
M1

Al*

Marks for part (a) may not be scored in part (b)

Either 7 —045 0r ¥ 20370 eg W2 o IV
ar ar a 20" w

,liV seen or implied by

eg dit/ =045 —I—V (but not implied by just stating the given answer). Condone use of 7

It may be seen as part of their % eg %V, 0.45+7 +0.37 scores MIAO*

Condone e.g. change in volume = (inflow — outflow =) 0.45 — 0.3 for this mark.

Achieves 2087 —9_ 67 with no errors, following 3L =045- > o.e. (including the 3L
ar a 10 a

or ¥ but note that it must be ddit/ in the final line and not 7).

change in volume = 0.45 —03V~>202—V:9—6V scores M1AO*
1

Ignore any units used in their working for both marks

®)
Bl

M1

Al

M1

1
Separates the variables comectly, e.g, | 5——-dV = J’idV [t oe

The integral symbol and/or d7and/or dr may be lmphed lfﬂ.\ey £0 0n to integrate both sides
to the correct form ...In|@(9—6¥)|= ..+ (+c) with or without the modulus brackets.

3

Attempts to integrate the reciprocal term - — 1n[o-67] or —..In|ar (67 ~9)| for

some constant § (and a if used). Condone e.g %» 0967 or >...ln67 -9

Correct integration for both sides. They do not need the + ¢ for this mark.
Note scoring this mark implies the earlier B1 (unless it is a verification attempt — see SC)

Note thateg. ~2af3-27] =L (sc) or ~2tnfov—3|=¢ (vc) arealso comect

1 t
—=In(9-6V)=— (+ als t.
<in(9-67) =5 (+c) isalso comec

Condone log being used in place of In
Requires constant of integration now. Substitutes (or states) 7= 0 and ’=0.25 and finds a
value for ¢, which may be “4” = ¢ if they rearrange first to eliminate In terms.

Dependent on the previous method mark

Do not be concerned about their processing to find ¢ or “4” = e and does not need to be exact
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AL Achieves the required form e.g =~ with no erors and clear working
.
Allow equivalent fractions or decimals e.g. V' =1.5-1.25¢
SC:  Attempts by verification may score maximum BOM141dM1A0 - see below.
Alt: _ Use of an integrating factor — see below.
()  Special Case: Aftempts by verification may score maximum BOMIALAMIAO
BO:  This mark may not be scored via this approach
MI:  Differentiates 7 = P~ 0e™* to the form 3. — re* where ais a constant (note it should be
a e - ar
=) and subsitutes both this and ¥ = P~Qe™* info 207 =9~ 67 and deduces
1
avalue for P or k by comparing coefficients.
Al: Correct values for both P and k.
dM1: Substitutes (or states) =0 and 7= 0.25 and finds a value for Q.
Requires a value for P to have been found using the above approach.
A0 This mark may not be scored via this approach.
Alternative: Using Integrating Factor (Further Maths)
Bl:  Deduces the correct integrating factor for the equation, e
‘This should come from ‘;lfo =045 1F =
1
a(re)
May be implied by sight of ———
M1:  Fully multiplies through by their integrating factor and integrates both sides.
Score for V" = [.e"dr =" Condone missing dr
Al: Correct integration Ve** = [0.45¢°*dr = %e" *(+c)
dM1: As main scheme.

Al

'As main scheme.
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©

Examples:

) %:O:H/:(l 5) (or e.g. max Vis 1.5)

@) As1—®, &0 (or V' —“1.5”)
(3) Flow in = flow out at max V's0 0.3V =045=V =1.5
(@) As e >0, ¥ <"15"

v

(5) When ¥ >15, ——<0

dr

(8) "1.5"-"125" 2= In(-0.4) is undefined (condone e.¢

ives a maths error)

M1

32a

o The (upper) limit for 7is 1.5 (m’) so no (the container will
not become full) (first 4 bullets)

o If7=2(or 7> 1.5), it would be emptying s no (it can never
be full) (bullets 5, 6)

 No, as the equation cannot be solved (or is not true/doesn’t
work) when ¥/=2 (bullets 7. 8)

Alft

@

(9 marks)
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Notes

©
M1

Alft

See main scheme. If using the answer to part (b) it must be of the form ¥ = P—Qe™ but there
s no limitation on the values of their P, Q or k.

Substitution of a large value for 7 may score this mark but it is unlikely to be recovered to
score the A1 unless they reference e.g. Vau being “1.5”.

Reference to an (upper) limit of “1.5” or their P can imply the method mark

If setting 7=2 in their equation they must reach either In(~ve) or solve the equation to reach
avalue for 7 to score this mark

Must conclude “no” or equivalent e.g. “the container will not become full”

Makes a correct mterpretation for their method (see bullets 1-8) with a clear conclusion e.g.
s

To score this mark through ft, their ¥ must be of the form ¥ = P—Qe™ with k>0, 0> 0

and 0.< P <2 if used (but note that they can still use the answer to part (a) to score both marks
via bullets 1, 3, 5 or 6). Allow “it” in place of the “container”/“tank”.

Just stating “the equation cannot be solved when 7= 2" without any evidence is MOAO.

There must be no incorrect working if solving their equation or contradictory statements such
5 75 cambh be nepative® bubicondonc nolatipnal sirors wrovaded thodntcntii is cloas.
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Question Scheme Marks | AOs
M1 LIb
Al LIb
aM1 3Ia
Al LIb
M1 22
Al 21
©6)

(6 marks)

Notes:
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MI: Correct attempt to write as a sum of terms with indices

Look for at least two different terms with the correct index e.g. two of X7, which have

come from the correct places.
!

1
The correct indices may be implied later when e.g /X becomes x” or = becomes x
x

o 1 1
1 i 1
x 7 which can be left unsimplified e.g. -

1
X -xt+2x

14
oraseg. %[\: —6x" +8x 3)

3
becomes x

The correct indices may be implied later when e.g. /X becomes x~ or

dMI: Integrates x" — x"" for at least 2 correct indices

g 4

ieatleast2of x° —>x°

15 5 3
AL fox' = +4x° (+¢). Allow unsimplified c.g. szx
s
& x* +16x° (+).
orasee. 7| 5

—x" +4x” and subtracts cither way round.

MI: Substitutes the limits 4 and 2 to their %

There is no requirement to evaluate but 4 and 2 must be substituted either way round with
evidence of subtraction. condoning omission of brackets.
s 3 1 5 3 :

1 1
Eig condone 75x4° —47 +4x4’ —10x2" 2" 4452

This is an independent mark but the limits must be applied to an expression that is not y so they
i o i e
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Al: Correct working shown leading to %ﬁ —%bm also allow %— 152

V2 or exact equivalents

R e e e e L L
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Integration by parts:

=24 4 (Lo (x. T 3 9F T 3 M1 11b
J Y m,J.44x 2)(x-4) S(x-2)(x~4)x I 6)x" dx B i
A 1 (1 T4 Tes i
;(xfz;u—l)v7’[7(2;—5){ax:ﬂx—z;u—nv—’l'v—syax
am1 3.1a
Al LIb
M1 22a
AT o
= \o+§ﬁ+gﬁ]
Al 21
25 16( 16 12 5
AreaR — V2 [m’? ?ﬁ/[
©

P
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2 -2
M1: Applies integration by parts and reaches the form &(x—2)(x—4)x J.lpx+q)xz drap=0

:
— —sux)xzij.(pﬁq;x:dr wp=0

AL Correct first application of parts in any form

1
dM1: Attempts their I( pr+q)x’ drby expanding and integrating or may attempt parts again.

: s
Ee. J.ux—s;fdr:f(zf—sf]dx oreg J.(ZX—s) 2

X dv

If they expand then at least one term requires x" — x"* or if parts is attempted again, the structure
must be correct

AL Fully correct integration in any form

M1: Substitutes the limits 4 and 2 to their

x* and subtracts

cither way round. There is no requirement to evaluate but 4 and 2 must be substituted cither way

round with evidence of subtraction, condoning omission of brackets.

16 128 4 .~ 16
E.g. condone o—7+§—o+§ﬁ+gﬁ
This is an independent mark but the limits aust be applied to a “changed” function.

Al Correct working shown leading to %ﬁ 7%m also allow %7% 7 or exact equivalents

Abtummate it ntraatins Iy mrts "tk il wy vl sl be stul 6 ey
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Integration by substitution example:

M1 L1b
Al L1b
dM1 3la
Al L1b
M1 22a
4&4%/7)]
Al o4 |
15 12
b ‘/’\

(6)
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‘Question Scheme Marks | AOs
@ _[ 2 M1 1la
dx==In(3x—k)
G-b 3 A1 L1b
* 2 2
I de=Z1In(9%~k)-<In(3k—F) am1 | Lib
L G-h° 3 3
_2,.(8
4 ln4oe Al 21
=30 2/
“
®)
M1 Llb
am1 | Lib
A1 21
@

(7 marks)
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-Notes:

u

du

gla

MI1: Applies the substitution e.g. # =+/X and attempts k

-2 (i’ -4)au

Al Fully correct integral in terms of # in any form e.g. %J.

dM1: Expands the bracket and integrates " —>u"™ for at least 2 correct indices

ic.atleast2of u' —u’, ' —>u’, k—ku

1(d 6 )

AL 7("7 o +8u
3

)

(+c). Allow unsimplified.

u__6u

M1: Substitutes the limits 2 and v'2 to their ; [?7T+ 8u |and subtracts either way round

J
There is no requirement to evaluate but 2 and v/2 must be substituted either way round with

evidence of subtraction. condoning omission of brackets.

3 Wz

E.g condone : < -l6+ 16———4J' sJ’)

Alternatively reverses the substitution and applies the limits 4 and 2 with the same conditions.

AL Correct working shown leading to %ﬁ 26 bt atso attow g—% 7 or exact equivalents

Award this mark once one of these forms is reached and isw.

Wik i e i sl il icuh il ol s ancasi i sisie uiles S
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Question Scheme Marks | AOs
xlnx; /is anormal to Cat Ple, €)
Letx, be the x-coordinate of where [ cuts the x-axis

M1 | 21

Al | 11b

M | 3la

Al | 1

M1 | 21

M1 | 21

aMi | 1ib

D

M | 3la

Area(R)=de’+1 Al 1L1b

(10)
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Notes for Question

Mi: Differentiates by using the product rule to give Inx + x(their g'(x)). where g(x)=Inx
Al: | Cosect differentiation of  =Inx, which can be un-simplified or simplificd
MI: | Complete strategy to find the x coordinate where theis nomal fo C at P(€, €) meets the x-axis

i Sets y=0in y—e=my(r—e)to find x=
Note: | y is found by using calculus and 71y = 71y
AL: | Tmects x-axis at x = 3e. allowing un-simplified values for x such as x=Je~clne
Note: | Allow x=awrt 8.15
MI: | Scored for either

+ veaundercurve = [ xhuxdx = [ .. ]} = .. with limis o e aad 1 and some atepr 10
3
substifute these and subtract
« or Area under line %((rhnr x,) —ee. with a valid aftempt to find ¥,
MI: | Integration by parts the correct way around to give Ax’ hn—js X @} 4=0.850
x

dMI: | dependent on the previous M mark

Integrates the second term to give +4x*: 220
Al | lemx-

2 4
MI:__| Complete strategy of finding the arca of X by finding the sum of two key areas. Sce scheme.
AL [§€+1
Note: | Area(®,) can also be found by integrating the line / befween limits of e and their X,

-

ie Arez(K:):I ]:’“‘A =

Note: Calculator approach with no algebra, differentiation or integration seen:

« Finding ] cuts through the x-axis at awrt 8.15 is 2 M1 2% A1

«  Finding area between curve and the x-axis between x 1 and x=e
to give awrt 2.10is 3% M1

« Using the above information (aust be seen) to apply
Area(R) = 2.0072...+ 7.3890... = 9.4862... is final M1

Therefore, 2 maximmm of 4 marks out of the 10 available.
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Question Scheme Marks | AOs
@ (forkorammerical H) | M1 | 33
(forkorammerical ) | M1 | 2.1
Al | 1
M | 3la
s e,
El 360 3
where r,in mm, is the radius where 7. in . is the radius
{of the mint} and 7. in minutes,is | {ofthe mint} and . inseconds.is | a1 | 1
the time from when it {the mint} | the time from when it {the mint}
was placed in the mouth was placed in the mouth
O]
® 0¢0:7%r7$¢0 ~49+250 1= Ml | 34
fime = 5 minutes 6 scconds Al | 1
@
@ | Sugessts a suitable limitation of the model. E¢.
+ Model does not consider how the mint is sucked
 Model does nof consider whether the mint is biften
 Model is limited for times up fo 5 minutes 6 seconds, 0.
« Not valid for fimes greater than 5 minuies 6 seconds, o.c.
« Mint may not refain the shape of a sphere (or have uniform 5 | 55
sadius) as it is being sucked
* The model indicates that the radius of the mint s negative after
it dissolves
Model does not consider the temperature in the mouth
Model does not consider rate of saliva production
Mint could be swallowed before i dissolves in the mouth
@

8 marks)
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Notes for Question

@
'MI: | Translates the description of the model into mathematics._See scheme
MI: | Separates the variables of their differential equation which isin the form % £ and some
attempt at ntegration. (e.g. attempts to integsate at least one side)
ce | £kd and some attempt at integration.
Condone the lack of ntegl sigas
Note: | You can imply the M1 mark for rdr = —kdf = ér’ -k
Note: | A numerical value of F(e.g_ ==1) 1 allowed for the firs two M maarks
Al Correct integration to give ; # = £kt with or without a constant of integration, ¢
MI: | Fora complete process of using the bouadary conditions to ind both thei uakiown constants
and finds an eqation linking r and £
So applies either
o t=0,r=5amdt=4,r=3 or
o 1=0,r=5and =240
on their integrated equation to find their constants £ and ¢ and obtaiss an equation linking r and
AT: | Comect equation, with variables 7 and f flly defined including corvect reference to unts.
. ; % . {or an equivalent equation.} where r. in mm, is the radius {of the mint}
and £, in miutes, i the time from when i {the mint) was placed in the mouth
>
5 %ﬁ %r + % o s cxpeval oot oxpration iwhereiinom e thc radits bt
ot} and t. in seconds, s the time from when it {the miat} was placed in the mouth
Note: | Allow correct equations such as

50407
2

o inseconds, = 3200049 5 __
120 2

—¥ns o
2

Note:

7 defined as “the time from the start” is not sufficient for the final A1
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Sets =0 in their part (a) cquation which inks 7 with 7 and rearranges to ke

5 minutes 6 seconds cao (Note: 306 seconds with no reference to 5 minutes 6 seconds is A0)

‘Give MO if their cquation would solve to give a negafive fime or a negative time is found

You can mark part (3) and part (b) together

See scheme

Do not accept by itself
« mint may not dissolve at a constant rate
« rate of decrease of mint must be constant
250
QEPE ¥
49

o reference to a mint having r>5

0: without any writien explanation
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Question Scheme Marks | AOs
@ y=x(x+2)(x—4)=x"-2x" —8x Bl L1b
N > 142 2
2 —2x —Brde - x5 4y M1 Llb
o
Attempts area using the correct strategy J‘ yax am1 22
* Al* 21
@
® For setting 'their’ %b' M1 11b
For correctly deducing that 3b* —8b° —48b* +80 =0 Al 22a
‘Aftempts to factorise.
o s e ) M1 Llb
3b* —8° —48b* £80 = (b+2) (b+2)(3b..5..20)
Achieves (b+2) (3b2*20b+20):0wnhn0 errors. Al* 21
@
©
States that between x=—2
BI Llb
andx=5.442 the area
above the x-axis = area
BI 24
Delow the x -axis
@

(10 marks)
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(a)
B1: Expands x(x+2)(x—4)to x* —2x* —8x (They may be in a different order)
MI: Correct attempt at integration of their cubic seen in at least two terms.

Look for an expansion to a cubic and x" —> x™" seen at least twice
dM1: For a correct strategy to find the area of Ri
Itis dependent upon the previous M and requires a substitution of ~2 into + their integrated function.

1.2, 20
The limit of 0 may not be seen. Condone 7 —4x? ?ue for this mark
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A1*: For a rigorous argument leading to area of R, = —= For this to be awarded the integration must be correct

and the limits must be the correct way around and embedded or calculated values must be seen.

Eg. Lok for {43{’46)« 7(%(72)‘ %(72)’ 74(72)2)03 before you sce the 23—0

Note: It is possible to do this integration by parts.
(b)

MI: For setting their %b‘ 7%17; —4p t23_0 or [‘ % 0
Al: Deduces that 3b* —8b* —48b* +80=0. Terms may be in a different order but expect integer coefficients.
It must have fnuowed%b‘ —%b’ —4p = ? oe.
Iy o) .
Do not award this mark for 75"~ b* ~4b” + 5~ = 0 unless they attempt the second part o this question

by expansion and then divide the resulting expanded expression by 12
M1: Attempts to factorise 3b* —8b’ —48b” £80=(b+2)(b+2)(3b"..

inspection. FYI 3b* —8b° — 48" +80 = (b+2) (35’ ~14b" —20b +40) Allow an attempt via inspection
3b* ~8b* 485" £80 = (b +4b+4) (3b"..

b..20) via repeated division or

.20) but do not allow candidates to just write out

8b* —48b* £80

(b+2)’ (3b° ~20b+20) which is really just copying out the given answer.
Aliernatively atterpts to expand (b-+2) (35 ~20b+20) achieving terms of a quartic expression

AT*: Correctly reaches (b+2)? (36” ~20b+20) = 0 with no errors and must have =0

In the alternative obtains both equations in the same form and states that they are same. Allow v QED
P2
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(c) Please watch for candidates who answer this on Figure 2 which is fine
B1: Sketches the curve and a vertical line to the right of 4 (x = 5.442 may not be labelled.)

B1: Explains that (between x =2 and.x = 5.442 ) the area above the x-axis = area below the x -axis with
appropriate areas shaded or labelled.
Alternatively states that the area between 1.225 and 4 is the same as the area between 4 and 5.442

Another correct statement is that the net area between 0 and 5.442 is 7%

Look carefully at what is written. There are many correct statements/ deductions.
Eg. " (area between 0 and 4) - (area between 4 and 5.442) = 20/3". Diagram below for your information.

a0
R=3603

20

2

R =3603
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@
¥

M: dr=Aln(3x—k) Condone amissing bracket

[ )
Al

Gx-k)

Allow recovery from a missing bracket if in subsequent work Aln9% —k — Aln8k

@M1 For substituting & and 3k info their A In(3x—%)and subtracting either way around

2

dv="InGx-k)

3

AL: Uses corect In work and nofation to show that I :%m(gj or %m oe (ic independent of /)

()

€

Ml: I [ ———
- @x-h

dMI: For substituting & and 2k into their

and subtracting

@x—H
AL: Shows that it is inversely proportional to & Eg proceeds to the answer is of the form % with 4=%

There is 10 need to perform the whole calculation. Accept from ———+—= (Jﬂ]xlml
@) (k) U377k &

If the calculation is performed it must be correct.

Do not isw here. They should know when they have an expression that is inversely proportional to .

You may see substitution used but the mark is scored for the same result. See below

u:Zx—ka[g] for M1 with limits 3k and k used for dM1

u
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Question Scheme Marks | AOs
3 4B
® - Lo Ml | L1
Gr-DG+D 2v-1 x4l
Either 4=2 or B= Al | 1
3 2 1 Al | L
@x-DG+D)  2x-1 x+1
(€]
(b)
LIV [ - Bl | la
v @r-0e+D
2L e (1) dn(r+1)(4c) M1 | 31
Lo _1)- a
21 el
1oV =1a(2r—1)—In(r+1)(+c) Alg | LI
Substitutes £ =2.7 =3= ¢ =(In3) M1 | 34
¥ —In(2r—1)—In(r+1)+In3
, 3@, A | 21

(r+1)
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(b) Alternative separation of variables:
—l & Bl | Ll
Ea Q@-D(+D)
1
B L= (2r-1)—_mn(r+1)(+ M1 | 31
3.[ 21 1+l (1) (e +1)(e) i
1 1 1
1037 = 3ta(2r=)—3n (e +1)(+e) Alf | 11b
Substitutes ,:2_V:3¢r:(%1ﬂ3) M1 34
I I 1 1
37 =3In(2-1)-3In(+1)+3m3
A | 21
(O]
© ® 30 Gainutes) Bl | 32
) 6 () BI 34
@
(10 marks)

Notes:
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@)
M1: Correct method of partial fractions leading to values for their 4 and B

TS BN TN R
2x-D(x+) 2x-1 x+1

e
o 3 o A B a(uson)easBsy
@ -DG+D) Zx-1 x4l

3 o B i Ry Bt
2x=—D(x+D) 2x-1 x+1

E.g substifution:

Or compare coefficients

Note that scores MO
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Al: Correctvaluefor 4 or 5

1

oreg.
-1 x+1 2
Must be seen as fractions but if not stated here. allow if the correct fractions appear later.

®)
1
BL: Separates vasiables | —dV=

AL Correct partial fractions not just values for “4” and “B”

x+1

3 g
@r-D)(t+1)
Condone omission of the integral signs but the d¥ and d must be in the correct positions if
awarding this mark in isolation but they may be implied by subsequent work
M1: Correct attempt at integration of the partial fractions.
Look for ...In(2f~1)+...In(¢+1) where ... are constants
Condone missing brackets around the (2 ~ 1) and/or the (¢ + 1) for this mark
Alft: Fully correct equation following through their 4 and B only
No requirement for +c here.
The brackets around the (2 — 1) and/or the (++ 1) must be seen or implied for this mark
M1: Attempts to find "c” or e.g. “In k" using =2, ¥ =3 following an attempt at integration.

- May be implied by later work

Condone poor algebra as long as =2, ¥ =3 s used to find a value of their constant.

Note that the constant may be found immediately after integrating or e.g. after the In’s have
been combined

3(2t-1)
AL*: Correct processing leading to the given answer ¥/ ===
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Alternative:
R TR
@-D@+D)
Condone omission of the integral signs but the d¥ and d must be in the correct positions if
awarding this mark in isolation but they may be implied by subsequent work
M1: Correct attempt at integration of the partial fractions.
Look for ...In(2r~1)+...In(r+1) where ... are constants

B1: Scparates variables I %dV - I - May be implied by later work

Condone missing brackets around the (2 ~ 1) and/or the (¢ + 1) for this mark
ALft: Fully correct equation following through their 4 and B only
No requirement for +c here.
The brackets around the (2 — 1) and/or the (+ 1) must be seen or implied for this mark
M1: Attempts to find "c” or e.g. “In k" using =2, ¥ =3 following an attempt at integration.

Condone poor algebra as long as =2, ¥ =3 is used to find a value of their constant.

Note that the constant may be found immediately afier integrating or .g. after the In’s have
been combined

3(2t-1)

A1*: Correct processing leading to the given answer ¥ =

(r+1)

(Note the working may look like this.
1 1 1 1 1 1 1
23 = —h(2 1) 1 Lino=lme)-L A
I3 =3In(2-1)-3hn(r+1)+c. 39 =3I (3)-3ln3+c. c=3hn9

9(2r-1 9(2r-1 3(2r-1,

w05y 2D, 3D
(t+1) (1+1) (t+1)

Note that BOMIAIMIAL is not possible in (b) as the B1 must be implied if all the other marks

have been awarded.

Note also that some candidates may use different variables in (b) e.g

(. RS i R | P e e

d (2x-1)(x+1) y (@x-1)(x+1)

equivalent work but they must severt to the given variables at the end to score the final mark.

Bleo i oo P Socasmns o 2" sl Mici- ol it ix ancowmniliifieo Sl mdbe

o]
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(c)

B1: Deduces 30 minutes. Units not required so just look for 30 but allow equivalents e.g. % an hou.
If units are given they must be correct so do not allow .g. 30 hours

B1: Deduces 6 m. Units not required so just look for 6. Condone 7/< 6 or < 6
Bl st b M el s tec o il s A
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Question Marks | AOs
(@)
Bl 12
@
®) =21n63-2In2.1 M1 L1b
Al L1b
@
(3 marks)

Notes:
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Mark (a) and (b) as one

@

B1

®)
M1

Al

63

&
2 A
Statesthat | = dX or equivalent such as 2 -[ % dxbut must include the limits and the dx.
2

212

Condone dx <> 8 as it is very difficult to tell one from another sometimes

Know that [1 dx = In x and attempts to apply the limits (either way around)
x

Condone Igdx = plnx (including p = 1) or _{ i plngx as long as the limits are applied.
x x

2 2

Also be aware that [Zdv=Inx” . [

=2In|

+c and !zhzlhcx o.e. are also correct
x x

x

[plax]s; = pln6.3~ pln2.1 is sufficient evidence to award this mark
CSO1n 9. Also auswer= 1n3" so k=9 is fine. Condone In9|

The method mark must have been awarded. Do not accept answers such as m%
Note that solutions appearing from "rounded” decimal work when taking Ins should not score the

final mark. It is a "show that” question

Eg [2lnx] =21n63-2102.1=2197 ~lnk > k=e "

998
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Question Scheme B | A
® M| Ll
) % | or (4;('7 ML | Lib

[l+%[’1:1+(72)]§]+ 1;11 a1 |

A |21

4)
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@
MI: Attempts a binomial expansion by taking out a factor of 3 o

or  and achieves at leastth first 3

3

terms in their expansion. May be seen separately e.g. % and (14..x4..6)

MI: A correct method to find either the x or the X’ term unsimplified.

Do not condone missing brackets unless they are implied by subsequent work

Condone (- for
3 \3)
i X

Also allow this mark for 2 correct simplified terms from &=

= with bath method marks scared.

a0 Allow terms to be listed. Ignore any exira terms. Isw once a correct simplified answer

Direct expansion, if seen, should be marked as follows:

3 ~ 1) 2|
ot 2

(3+x)”

+3xax+34xprt

MI: For (3+x)"

MI: A correct method to find either the x or the " term unsimplified.
2-1)

Award for (-2)x3°x or %3%x* Condone invisible brackets.

(-
AL Fora correct unsimplifed or simplified expansion of (3+]” 2. 3% =237 xx+ D5
Also award for at least 2 correct simplified terms from ; " f; 2 with both method marks scared.

1: S % cao Allow terms to be listed. Ignore any extra terms. Isw once a correct simplified
answer is seen.
Tk it BT EATAS s mapsiiie st s cliliiny niteiiiandl





