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Q1.

Question Scheme for Sufbstitution Marks AOs
Chooses a suitable method for '[ 2xfx+2 dx
0
Award for M1 3.1a
* Using a valid substitution u = changing the terms to 's
* mtegrating and using appropriate limts _
Substitution Substitution
dx dx Bl 1.1b
u= x+2:>az2u oe u=x+2:>a=l oe
j 2xyfx+2 dx j 2xfx+2 dx
M1 1.1b
=jx.i(u] il}uldu =j4{(ui2'j-d';du
— 3 o & _
=Pu *Qu —Su? +Tu? dndl 21
4 5 8 3 4 i 8 E
=—u —=u S Al 1.1b
5 3 sus 5
Uses limits 2 and JE the Uses linmts 4 and 2 the correct ddM1 11b
correct way around way around
32 |
=—(2+42)* Al*® 21
15 ( .j-}
@)
(7 marks)

AIL: For attempting to integrate nsing substitution. Look for
e terms and linuts changed to »'s. Condone slips and errors/onussiens on changing dv — du
s attempted multiplication of terms and raising of at least one power of # by one. Condone ships
s Tlse of at least the top correct linut. For mstance 1f thev go back to x's the lumit 15 2
dx

B1: For substituiion it 1s for giving the substitution and stating a comrect —
|l‘lI

Eg. u=+x+2= E =2 or equivalent such 1sﬂ =;
= R 7 ’ N )
M1 It 1s for attempting to get all aspects of the mntegral 1 terms of '/,
All terms must be attempted mcludmg the dx. You are onlv condoning slips on signs and coefficients
dM1: It 1s for using a correct method of expandmg and mtegratmg each term (seen at least once) . It 13
dependent upon the previous M
Al: Correctanswermy or 7 See scheme
ddM1: Dependent upon the previous M. it 1s for using the correct linuts for thewr ntegral, the correct way

around
3 ,
Al*: Proceeds comrecily to = 1—‘ 2+442 | Note that this is a given answer
|

7

i 317
u I and 1—_| 2 +ﬁf

42

'_u| [wa]

. - 4 5
Th{‘TE‘ must bf." at one IERST correct nll’El’IllEdlﬂtc" ].l.tlE' hem'een ? (!




Question Scheme for by parts Marks AOs
Alt
Chooses a suitable method for J. 2xafx+2 dx
0
Award for s A1
» using by parts the correct way around
e and using linuts
_ 2 3

[\,‘x+2]d:r=§{x+2}3 Bl 1.1b

: 3 2
j 2xyx+2 dx = Ax(x+2)2 —jB[.r+2)2[dr} M1 1.1b
= Ax(x+2)i-C(x+2) dM1 21

3 W3
e P L Al 1
3 ¢ 15 '
Uses limats 2 and 0 the correct way around ddM1 1.1b
') . ”
=2(54.5) Al 21
15 !
()

M1: For attempting using by parts to solve It is a problem- solving mark and all elements do not have
to be correct.

e the formula applied the correct way around. You may condone incorrect attempts at
integrating X+ 2 for this problem solving mark
o further integration, again, this may not be correct, and the use of at least the top limit of 2

3

5. 3 5 . 2(x+2)

Bl: For (y‘x+2l]dx=§(_x+2}3 oe L-Ia}'beawa:rdedj‘ 2xafx+2 d:r—}x"x%}
0

b s

M]1: For integration by parts the right way around. Award for Ax(x+2)2— j B(x+2)2(dx)

3 5
dM1: For mtegrating a second time. Award for Ax(x+2)2—-C(x+2)2

8
15

o

. S . i e
Al: gx[.r+2) ——(x+2)? which may be un simphfied
ddM1: Dependent upon the previous M. it 1s for using the limats 2 and 0 the correct way around
32,
Al*: Proceeds to = E(?_ + ﬁ ] . Note that this is a given answer.

At least one correct intermediate line must be seen. (See substitution). You would condone missmg
dx’s

(Q13 9MA0/01, June 2018)



Q2.

Question Scheme Marks AOs
(a) 2 2 Ml 1.1a
———dxr=—In(3x-k)
(Bx-k) 3 Al 1.1b
3k
2 2.0 2., 2
——dv=—In(%—k)-—In(3k-k) dM1 1.1b
¢ Bx—k) 3 3
XY 2
=gln % =—In4 oe Al 231
37 (2 ) 3
(4)
(b) 2 1
sdx=- Ml 1.1b
2x-k) (2x-k)
%
2 —dx=- : +— . , dmM1 1.1b
¢ E2x=Ey (4k-k) (2k-k)
_2 r.-l-
T '\E Al 2
(3)
(7 marks)

(@)

2

M1: dr=AIn(3x—k) Condone a missing bracket
(Bx—k)

y) 2
Al: dr==—In(3x—k)
_[ 3x—k) 3

Allow recovery from a missing bracket if in subsequent work Aln9k —k — Aln8k

dM1: For substituting & and 3k into their AIn(3x— k) and subtracting either way around
Al: Uses correct In work and notation to show that I = %1{1(%] or %1&4 oe (1e mndependent of k)

(b)

MI1: J. E Tdx = =
(2x-k) (2x-k)

dM1: For substituting & and 2k mto their

and subtracting

(2x—k)
Al: Shows that 1t 15 mnversely proportional to & Eg proceeds to the answer 1s of the form % with 4 =3

There 1s no need to perform the whole calculation. Accept fr —L-FL_— (—l-l—l]a-cl oc i
(3k) (k) \ 3 J &k &k
If the calculation is performed it nust be correct.
Do not isw here. They should know when they have an expression that is inversely proportional to F.
You may see substitution used but the mark 1s scored for the same result. See below

-u=2x—k—>|:£:| for M1 with limits 3% and & used for div1
u

(Q07 9MA0/01, June 2018)




Q3.

(a)

(1) - (1= (14.4°)

(f'(x)=) —— Ml | Lib
(1+x%)
—’1{1+x } —41[ a0 )(1+x7)
= 3 Al 1.1b
(1+x7)
s oreg
—23{{1+x2 :}—41'[:1—_‘(2 } 3 —Ex{tl*— 3 }I:(I‘H”: }*' 2(1- X! ]_
3 e . p ETC
(1+x%) (1+x7) dM1 | 3.1a
= (1+x*)+2(1-x*)=0 -2x(1+x*)(3-x7)
—=3-1" =0 (1+22)’
eg 3—x=0 or 2x "1+_\'3'J(.1'3—3}=0 — -
=5 Rk
{ \
Sy )
1) NE




Notes

(a)

Ml1:

Al:

dM1:

There may be other valid ways to differentiate or to solve the resulting equation.

_ . Al ):i,ux(l—x-’ )(1+x7)
Attempts the quotient rule to achieve : — :

4

(1+x7)

+Ax(1+x* )2 + px(1-x7)(1+x7)

but condone -
(1+x7)

provided an incorrect quotient rule 1s not seen.

Alternatively, attempts the product rule on f(x)=(1-x")(1+x’ _)_2 to achieve
+Ax(1+x° ')-: * px(1-x7) (147 i)_s
There may be attempts at splitting the numerator to £(x) =(1+x’ :)_] —x(1+x7 _]_2 which

should differentiate to +Ax(1+x’ ')—J +ux(1+x7) 2y (1427 )_J
In all cases, do not penalise signs of A, 4 and/or y unless an incorrect quotient rule or an
mcorrect product rule 1s stated.

Any occurrences of (1+ X )‘ may be replaced with 1+ 2x° + x*

There 1s no need for a LHS e.g. f'(x) = to be present so ignore an incorrect LHS.
Invisible brackets may be recovered/implied by later work.
Correct differentiation. May be unsimplified. Ignore absence of (or incorrect) LHS.
—2x(1+ X ); = 4x('1 —x° ](1 +x° )

‘ 0.e

The correct derivative using the quotient rule 1s = : —
(1+x%)

—

using the product rule is —2);(1 =Y - 4,7;(1 -x7) (1+ w ']_3 0.e.

“aa" - 5 -3 f =1 -2 %> 3
and splitting the numerator 1s —4x(1+x ) - 2x(_1+ X ) +4x° ('l +X ) 0.e.
You may need to check carefully for equivalent derivatives and ISW after a correct expression
1s seen. Note that some candidates may set = 0 at the start and may omit the denonunator as a
result — send to review if you are unsure in such cases.
Attempts to reduce the expression to a suitable form so that the roots can be found,

either by cancelling a factor of (1 +x ) and simplifying the other brackets
—2x(1+x3)—4x(1—x2) R 2x(x2—3')

e.g . 3 - T e
(1+x2) (.1"'1" ) (1+Jr2 )

or ZJC(JC2 —3) (=0)

or by attempting to take x, (1 +X ) or ilx(l +x ) out as a factor and simplify the other

brackets. If they only take out a factor of x then they must have x( e L B )




ddM1:

Al:

2x(1+ 2 )| 1+ 22 )+ 2{1-2° 2x(1+x*)(3=x* x(2x'—4x’ -6
oo 0P E)200)] | axer)a-r) | sfar'-a6 g
(1+x7) (1+x7) (1+x7)
Depends on the first M mark.
Note: they might attempt to expand the brackets first, or set = 0 and multiply through by

(1 +x° )k and/or divide through by x or 2x at any stage.

Do not be concerned if any factors of (1+ xz] .xor 2 go “mussing” during their work.
The = 0 does not explicitly need to be seen.
2x(1+x*)(Ax* + B (1+x7 )(Ax" + Bx
Look for £ l - ]{qi ]m‘:!’L ){ o )ori —
{1+x") (_1+x') (_1+x")
¢ fFmaybe0 1,2 30r4
¢ 4 and B (and C if present) are non-zero

x(d_ﬁ + Bx® +C') :
~ where

E

o : LT :
e anyof 2xor (1+ x'} in the numerator and/or (1+x” ) 1n the denominator may be absent
Attempts to solve their numerator set = 0 using a valid non-calculator method and uses a

solution for x to find a corresponding value for y.
The substitution may be implied by their value of v but, 1f not, the substifution must be seen.

o Foreither Ax" + B or Ax’ + Bx, werequire 4= 5B and 4 x B <0 From either expression
they can write down their x ==, f? without working.

e For Ax* + Bx’ +C they must show a valid non-calculator method for solving the quartic,
treating it as a quadratic in x° and using the usual rules for solving a quadratic
algebraically, e.g. a=x* —2a> —4a—6(=0)—(a+1)(2a—6)(=0) - x=+/3 . They

must reach a value for x (and not just x*) as well as finding a value for y.
Dependent on both previous method marks. They must use a value for x that 1snot -1, O or 1.

; 1 ‘
Deduces the correct exact coordinates for P (—ﬁ, _E) 0.e. (—J'—, —0.125]

Requires all the previous marks to have been scored.
1

Condone x = —vf?:j y=—0125 oreg. —3, _E

If there 15 more than one pair of coordinates given, then the correct coordinates must be clearly

selected or any others clearly rejected.
Ignore any mistakes that occur if they multiply out the denominator (1+ - % )4 after

differentiation.




®) x=-1=a=-= and x=1 = =2 Bl | 22a
4 4
& et B1 1.1b
dé
J _ 1_"?-“: dx =J’ : l—tan: 6.: "sec’ 8" d6
(1+x) (1+tan" &) K i
or = ﬂ"sec2 g"da
sec” &
. g - 2 —1—tan?
=I[1—tan‘9)cos"6d3 =J‘;Ean0d8
! 5 sec &
=J[1—Sm29]c0526’d9 _[{_2__1+tmie) . dM1 | 3.1a
\ cos"d, sec’@ sec’d 4
:“cos"ﬂ—smzﬁ)dﬁ =I(‘Zcosz 6-1)do
=Icos£6’d6* Al* 2
3)
Notes
(b) Mark parts (b) and (c) together.
Bl:  Deduces the correct mts for the mntegral in & which may be seen separately as side working
or within their integral work. This mark cannot be scored working in degrees.
Allow 3% mstead of —% but not decimal approximations.
B1: ] =sec’ 6 or equivalent e.g. o =1+x or M (comung from x = i ) but
ded de cos” & cost
must be correct, so not e.g. % =sec” x unless recovered.
M1: Makes a complete attempt at using the substitution x =tan 8
Requires:
e An attempt at using :—; to replace dx with d& either way round, so 1f % =g(6) allow
either dr=g(8){d6} or dx= ﬁ{dﬁ}. ;—‘; must be a function of & and not a constant.
E\Y,
e All terms in x replaced with tan & (or 1+ x” with sec’ &)
Condone the absence of d& but dx must no longer be present.
Condone 1f they fail to square the denomuinator or e g. a slip in missing a ¢
Use of notation such as d(tan &) is correct but does not score the M1 until replaced with
sec’ H{dﬁ} or their dentvative of tan & (which must not be a constant multiple of tan&).
: 5 i 3 s s sin & 1
dM1: Uses trigonometric identities e g. 1+ tan" f=*sec” @, tanF = : g= ;
cos & cos &
*cos” f+sm’ §==+1 to simplify the integral to an expression of the form
tasin® 6 £ bcos® 8 ¢ where one of a, b or ¢ may be 0.
The algebra should essentially be correct but condone e_g. sign slips or errors collecting terms.




Al*:

de

1—tan” @ jCOS" 8—5111‘6(16, J'c.os‘ﬁ—sm‘(?

Alternatively, e.g. J. —df= . —
1+tan" & cos” @+sin” &

They must have replaced dx with d& the correct way round for this mark, so if % =g(8)

then they must have dx=g(&){d&} and not dx =ﬁ{d‘9}
o glo,

It is acceptable to replace e.g. tan® #cos’ @ with sin®
Dependent on the previous method mark.

cso Arrives at J‘c.os 26 d@ with sufficient working shown and no incorrect work 1gnoring

limits. The final line must be fully correct, including the mntegral sign and d& (ignoring
limits). Note that this may be seen in part (c) and may score the mark.

All trigonometric 1dentities must be fully correct.

Condone one or two slips in a nussing & but not frequent omissions.

Condone missing mntegral signs in their intermediate work, but it must be present on the final
line.

dx must be replaced with d& at some stage before the final line but does not need to be present
m every mtermediate line of working.

Condone notational errors throughout e g sin & provided they are recovered.

This mark 1s independent from any work to do with limits 1 e BOBIM1dM1A1# 1s possible.




© [cos26 dﬂ:%sin 20 M1 | 1L1b
||§'| J.\‘ . ;
Fsmze} =_sm[lej _sm(zx—il dM1 | 1.1b
2 i SR R IR T B A 4,
4
=1 Al . |
3)
(13 marks)
Notes

(©
M1:

Al:

dM1:

Mark parts (b) and (c) together.
J'cos 20d8 — :%si.n 28 {+c}

Substifutes thewr changed linuts (not 1 and —1) into i%sin 26 and subtracts either way round.

May be implied e g. %4‘% provided they have the correct lints.

Dependent on the previous method mark.

Area of 1 found following correct work. This mark requires clear substitution of the correct
e e i)l s

limits into 5 sin 26 the correct way round. If they have the limits the wrong way round and

achieve an answer of —1 they cannot just make the answer positive for this mark.

They may use limits from 0 to % and multiply their result by 2.
37 ; T 5 s
) may be used in place of - as the lower limit which 1s acceptable.

: : S
Condone any spurious integral symbol accompanying —sin 26

i : \
i i

— |——sm| —— ] but must follow
o ) e 2

The substitution may be mmplied by e g. or l}sin(

d | -

X

2
: |

sight of S sin 28

Condone use of limits —45 and 45 (degrees) the correct way round for full marks in part (c).

Note that use of a calculator on the original integral will give the correct answer. An answer of

1 scores no marks without evidence of scoring both method marks above including the
substitution.

Q4.

(Q15 9MA0/02, June 2025)




Question Scheme Marks AOs
(a) dH Hcc';{] "*Sr _ [ cos0.25¢ d
i = 10 f M1 31a
1 ? M1 1.1b
InH =—sin025(+c)
10 : Al 1.1b
Substitutes =0, H =5=c=1In(5) dnl 34
Ty
n| F =L in025r = o500 Al* 21
\5) 10
(5)
(b) Max height = 5e’'=553m {Condone lack of units) Bl 34
(1)
@ Sets U.Ejr:%r M1 3.1b
314 Al 1.1b
(2)
(8 marks)

(@)
) 29 .
M1: Separates the vanables to reach -‘.%dH = -‘.% dt or equivalent.

The integral signs need to be present on both sides and the df AND df need to be in the correct positions.

M1: Integrates both sides to reach In A = 4sin0.25¢ or equivalent with or without the + ¢

| £ A : _ : ;
Al: mnH = ﬁsm 0.25¢ + ¢ or equivalent with or without the + ¢. Allow two constants, one either side

If the 40 was on the lhs look for 40In H =4s51n0.25¢ +¢ or equivalent.

dM1: Substitutes ¢ =0, H = 5= ¢ =.. There needs to have been a single " + ¢ " to find.

It 1s dependent upon the previous M mark You may allow even if you don’t explicitly see "t =0.H =5"as
1t may be implied from their previous line

If the candidate has attempted to change the subject and made an error/ slip then condone it for this M but not
the final A Eg. 40In H =4sin025t+c == H¥ =e* @03 Lo =590 11 e = 0=

Also many students will be attempting to get to the given answer so condone the method of finding ¢ =...
These students will lose the A1* mark

: e | L . - : : sin025r .
Al*: Proceedsvia InH = Esmﬂ.l:! +In35 or equivalent to the given answer H = 5e01m02 (oith at

least one correct intermediate line and no incorrect work.

DO NOT condone ¢'s going to ¢'s when they should be e or .4




- L, L ein025¢+1n5 1
Accept as a munimum ]nH=EsmU_25I+1115 = H = or H=ell

sin 0.25¢ .
xe™® before

sight of the given answer

If the only error was to onut the integration signs on line 1, thus losing the first M1, allow the candidate to
have access to this mark following a correct intermediate line (see above).

If they attempt to change the subject first then the constant of integration must have been adapted 1f the A1*
1

1 n02504c L 02

15 to be awarded. MH:%sinD.25f+c=>H:ew = H = A4ell

The dM1 and A1* under this method are awarded at virtually the same time.

H 4 r
Also, for the final two marks. you may see a proof from I— dH = jcosO.Ejf dt
]

(=]

(b)

B1: States that the maximum height 15 5.53 m  Accept 5e”! Condone a lack of units here. but penalise 1f
incorrect units are used.

(©)
M1: For identifying that 1t would reach the maximum height for the 2nd time when 0.25¢= STE or 450

Al: Acceptawrt 314 or 10 Allow 1f umits are seen

(Q10 9MA0/01, June 2018)
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Question Scheme Marks AOs
(a) dV : dh 1
: = =200 g —=
dh CEE ¥ 200 n 1.16
dh Ydh AV 1 k
M, | = Ry
d  lav ar 200 ML e
dh A F 3
— = * g
e Al i |
3)
(b) dh A TR~ 3 ,
e [#2 dh=[adt= 0% = At{+c} Ml | 11b
1 & > > ’
2 3 :
213 < arfac) oreg o e Al | LIb
3 - { 1 ;
FA4 =20+ c=e=1152 = — | dM1 34
¥ B T 171 )
—5(3.24}- =Ax8+"1.152"= 41=0 342[ LSFC_D | ddM1 3.1b
3 3 ~
hT=0513t+1.728 oe e.g. §F 0 D Al 33
1000 125
(5)
(b) Alternative:
i A d AR . R
—r_ﬁ_»a_T_»l =_h(+c) M1 1.1b
3
o I ]
T=_—h—_—l:+C}|OE :\1 11])
34
3 3
(1 443 et kR
0=_|‘]‘4_4J +c and 8=—“13'—.4| +c
- " dM1 | 34
171 CoUAE
1 500 | 710
(171 ([ 64
=' = and c=_~,i i ddM1 3.1b
3 3 o
hT=0.513++1728 oe eg. lﬁ:ﬁr-m Al 33
ol 1000 125
(5)
= -
© 5T —0.513t+1728=¢=__ M1 34
(=) awrt18.4 min Al 32a
2)
(10 marks)

Notes

(a)




B1: For % = 200 stated or used — may be implied by their chain rule attempt

1

M1: Requires:
dV
e —=p o |
dh P P
o W _. % oe g o P (or a suitable letter for k. which may be /4, but must not be a number)
o Jh ds Ji
R i E (dh \dh _dV k
o application of the correct chain rule | = =] ~ % — or any equivalent with _-i or +
s o~ Jav A & b AJfT
ra r
their £t correctly placed. So o P i % ﬂ _200k _ 4 ccoresMOas oo e 1s incorrectly placed.
dh dt  dr NP dl
Al*: A nigorous argument with all steps shown and simplifies to achieve %{l = ﬁ with no errors.
Do not allow the use of /A for both constants. Allow use of e.g. d_ o iT for full marks.
t kalh
dv dh _dh AV _ 1 A _ 2 i L5
eg —=200, & _2 - 22—~ scores BIMIAO* umiesseg “let 3 ———_ " seen.
& ah dt dr dt 1cro J" N B 200
Allow correct work leadingtoe.g. & 1 . K ST N R BN
- clr 200 Jh NE & 200 % 200
There must be an attempt to link the 2}’ with the % which may be missing an = sign.
t ;
: - F 3 dv dh _dh arv _ 1 kA
Allow an argument with __*eg =200, ———mx S TN PO i)
o Ok ¥ ar a 200 Jn h
Withhold this A mark if there are notational errors e g. — a —ogg. ok dk dF. 4 ik A4
dt dt dV  dt 200 Jn .j'
scores Bl(implied)M1AQ*
(b) Note that some candidates may work withe.g. ;- f ore.g. i=200k which is acceptable.
Candidates who do not have a A e.g. assume i L IO eg dh 00 then only the first 2 method
ar 200Jh J_

marks are available (see note below). Condone use of other \'anables if the intention is clear but the
final answer must be in terms of /1 and r.

3
MI1: Separates the vaniables and integrates to obtain an equation of the form _ 42 = i#{+c} oe
The constant of integration 1s not needed for this mark.
3
Al: %;ﬁ = if(+¢) oe. The constant of mtegration 1s not needed for this mark.

Condone spurious notation for thus mtermediate mark e g. mntegral signs left in after integrating.
dMI1: Substitutes 1=0 and s =144 and attempts to find ¢.
It is dependent on the previous method mark.
Do not be concerned with the “processing” to find “¢c” as long as they are using =0 and h=144
May be implied by their value of ¢.
ddM1: Substitutes 1=8 and h=3.24 and their ¢ and attempts to find 4. Do not be concerned with the
“processing” to find A as long as they are using (=8 and h=324.
It is dependent on both previous method marks.
Al: Correct equation in the correct form from correct work. h% =0513t+1.728 or h% = %t-@- %
Must follow Al earlier so do check 1if this has been obtained fortuitously. Allow 1.73 for 1.728

Note candidates who do not have a 4 e.g. assume —— i eg. ﬂ_ﬂ can use either =0 and

de ’OOJ' A

h=144 or t=8 and h=3.24 to find their constant of integration.




(b)Alternative:
M1: Finds the reciprocal of both sides and integrates to obtamn an equation of the form ¢ = .Jf; (+¢)

3

247 3 . :
Al: = "3‘: (+¢) oe. The constant of integration is not needed for this mark.

dMI1: Substitutes =0 and /=144 and substitutes =8 and /=324 and attempts to find 1 ar c.
It is dependent on the previous methaod mark.
Do not be concerned with the “processing” to find A or ¢ as long as they are using =0 and h=144
and =8 and k=324 and reach a value for A or ¢. May be implied by their value(s).
ddM1: Complete attempt to find A and ¢. It is dependent on both previous method marks.
Do not be concerned with the “processing ™ to find A and ¢ as long as they are using /=0 and h=1.44
and 1=8 and h=3.24.
Al: C _ 3 3 513 216
Al: Correct equation in the correct form. 4% =0.513r+1.728 or A? =1{}[}(il+ T5¢

Must follow Al earlier so do check if this has been obtained fortuitously. Allow 1.73 for 1.728

Special Case:
Some candidates are using the given equation in part (b) to find the value of 4 and the value of B using the
given conditions. May score a maximum of 00110. This should be marked as follows:

MOAO: (No attempt to integrate)
M1: Substitutes t = 0 and h = 1 44 to find a value for B
dM1: Substitutes 7 = 8 and /i = 3.24 with their value of B to find a value for 4
AQD: Smce they have not used the given model.
(Allow full recovery in (c) if this equation 1s correct)

(c)

3
M1: Attempts to substitute = 5 into their equation which mmst be of the form #% = 4¢+ B or possibly a

1

rearranged equation e.g. h% = 3[4: + B with values of 4 and B leading to a value for 1.

Do not be concerned about the processing as long as they use 1 = 3 and obtain a value for f even if 7 1s
negative.

Al: Awrt 18 4 munutes following a correct egquation in (b).
The units are required but allow e.g. mun. muns, but not just 18 4 and not m (which means metres)

Allow e.g. 18 munutes 25 seconds or 18 muins 26 secs

Note thus may follow AQ in part (b) as they may have rearranged incorrectly in (b) but use a correct

ct, i 2% 7L o1 L 513 216 c

equation in (c) e.g. =k =——¢+—_ h? =3]——¢+—— or may come from the special case.
2 ©ee 3h -~ * 125 ’JIOOO 15 Y

Apply 1sw following a correct time and umts. e.g.. 18.4 followed by 18 nuns.

(Q11 9MA0/02, June 2023)
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Question Scheme Marks AOs
(@) 1 P O
Fi25—-¥) ¥ 25—-F%¥
eg 1=P(25-7)+0OV — e
F=0orV=25leadingto P=...0or 0= ...
1 . 1
V(25—¥%) 25V 25(25—V) Al L1b
(2)
Notes
(a)
ks 1 P Q : :
Ml: Sets =—+ and uses a correct method to identify the value of at
V(25-FV) ¥V 25-F
least one constant.
: 1 L (0] =
Do not condone incorrect wotke g ————— =—+ =1=PVF+Q(25-V) etc.

Al:

1

V(25-V) ¥V 25—V
this scores MO
Correct partial fractions in any form e.g.

1 1, 1 %5+%5 11 iy i

etc.

+ . i : 2
25V 25(25-V) 25V 625-25F ¥  (25-F) 25V 25(V -25) 25\V 25-V)

Note that this mark 1s not just for the correct constants, 1t 1s for the correctly written

1
fractions either seen in part (a) or used in part (b). Allow 0.04 for gt
)

Correct partial fractions only scores both marks.
If the correct fractions are obtained following incorrect work score MOAO but allow full

recovery in the rest of the question.




(b)
Way 1

1 1 1
———d¥V = +————dV =—1nrf——1n 25—V} 2
_[wzs—rl jESV 25(25-¥7) 25 FeRy | M| e
1
,)—S]nIf——lm"!S Vp——ﬁnw; Alft 1.1b
t=0V =20 1020~ L In(25-20)=¢[ = c= L ina] M1 3.4
25 25 ! 25 '

p) 2 ¢
V=24=>t="In24-_In(25-24)~_In4 dM1 | 3.1b

>
=43 (or exact 24In6) Al 3.2a

(5)

Alternative for the final 3 marks:

[1 1 il i
—_h}V——]n{QS—V_I} =|:—a} = —1In: 4——1114——T M1 34
L25 25 0 10 25 25
10 10
T = —Sln“il——]n-i— dM1 3.1b
=43 (or exact 24In6) Al 32a
(<) 1
—_h}l’——h1[13—V)=—r+—ln4
25 10 25
InF-In(25-¥V)=25t+In4 M1 21
VsV e
4(25-7) 4(25-7)
=SV =4 (25-V )V + 4V =100e™ =V = Ml 2.1
V= 100‘?] ... At | 2am
1+4e" e +4
(3)
(d) 25 (mucrolitres) Bl 205
Sinceeg Ast > x e ' 50 Bl 2.4
(2)
(12 marks)
Nates
(b) Mark (b) and (c) together
M1: Realises that J.ﬁ (dV) is required and reaches the form plnaV Tgln §(25-F)
(oreg. plnaV gln G(V —25)) or equivalent for this integration e.g.
pln25F —gln( 625 - 257 )with p and g non-zero.
But note that Jm dV =In¥(25-7) does not score this mark unless we see an
attempt to integrate the partial fractions first.
Condone nussing brackets e.g. around the I — 25 for this mark
Note that the rhs may be incorrect or missing for this mark.
Alft: Fully correct equation following through their P and Q. The “+ ¢” 1s not required here.

You may need to check carefully when awarding this mark as there will be various
alternative correct (or correct ft) forms e.g. these are correct (for correct PF s):




M1:

dM1:

Al:

Alternative for final 3 marks:

M1:

dM1:

L 25y — Lin(625—257) = Lt(+c), MV —In(25— )= 2.5¢(+<),
25 25 10

%mzsr-%m['zs—m::{w}._ %msv-%muzs—sm=r(+c}

In general look for an equation of the form PlnoV —Qln §(25-V )= %r{_ﬁf‘ ) ora

multiple of this equation. Do not condone missing brackets unless they are implied by
later work e.g. In25—¥ for In(25-V)

Allow ( ) or | | around the arguments of the In’s and condone “log™ for In.

States or uses f = 0 and "= 20 consistently leading to a constant of integration which may
be simplified or unsimplified. May be implied by their constant so may need to be
checked.

This mark 1s not formally dependent but depends on having made some attempt to
integrate both sides, however poor.

States or uses V' = 24 and proceeds to find a value for f (even 1f 1 <= 0). You do not need to
check the processing provided they reach a value for # Depends on the previous
method mark and depends on an attempt to integrate both sides however poor.

May be implied by their value for f so may need to be checked.

Correct value of 43 or awrt 43.0 or exact value of 24In6.

Units are not required but if any are given 1t must be minutes or condone “m’.

Note that in hours the time 15 0.7167037877 ... and scores A0

24 T

[ A mxzs—m} =[ : r} =124 —I4-—T
25 25 o L10 L 25 25 10

Applies the limits 20 and 24 to lhs and 0 to “T ore.g. “f” on rhs

This mark 1s not formally dependent but depends on having made some attempt to

integrate both sides. however poor.

T= }g In24-— ig In4=_. Solves to find “T". You do not need to check the

dM1l: T= 12 In24- ig In4=__ Solves to find “T". You do not need to check the

processing provided they reach a value for /T Depends an the previous method mark
and depends on having made some attempt to integrate both sides however poor.
Al: Correct value of 43 or awrt 43.0 or exact value of 24In6.
Units are not required but 1f any are given 1t must be minutes or condone “m™.
Note that in hours the time 15 0.7167037877_._ and scores A0
Naote

1 1 1 1 1 1 e o
+— dv = - dF =—InV-—In(25F -625)=—1{+c)
25V 25(25-VF) 25V 25V -625 25 25 10

15 also correct integration and scores M1A1
The subsequent marks are also available as described above and could lead to the correct answer
if the limits and constant of integration are dealt with correctly.
Use review for any examples like these if you are unsure but generally apply the MS as above.

(c) The marks in (c) depend on having integrated their partial fractions to obtain an equation

equivalent if they have already attempted to eliminate the In"s 1n (b)
o A thric

“& (5-v) ¢

of the form :._.]11._.Vi...].|.1...{_25 —Vi=Zktzec, k.c=0 and ... are non-zero constants or




@

MI1:

M1:

Al:

Bl:

Bl:

Uses fully correct log work, having obtained a constant of integration, to eliminate all the
In’s including from e.g. ¢"'. We condone sign or coefficient slips only.

Proceeds from an eguation of the form ﬁ =...e"" oe using correct algebra to
"'V oo T 3 =l
V=wsep ———— e 3 2 = 25 =)o Siad e Wi=semi= =1
_A25-F) ' :

Condone sign/coefficient slips only.
Correct expression not just values for the constants.

Correct value of 23 seen
Alloweg. <25 or ,, 23
Condone “ = 257 but the following mark 1s then not available

100e™
Depends on a correct final equation in any form in (c)e.g. V' = A oe and one of:
+4e”
Considers the behaviour as t =Yoo e.g. states thatas { —> 0, ¢~ —>() (condone “=07) oe
V=23 as In(25 — V) 1s not possible when V.25

9

Verifies the 25 using a value of £, F oo

Using the differential equation:

Correct value of 23 seen
Alloweg “=25"or, 25
Condone © = 257 but the following mark 1s then not available

E.g. when V=23, oy =0 or {(iip <01f V=25
t

Q7.
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Question Scheme Marks | AOs
@ i M A B e il i e B )
(x+4)(x-2) x+4 x-2
or Bl | 1.1b
_ MR oA B il A
(x+4)(x-2) x-2 x+¢
6k—18=6B=B=.. Of —12k—-18=—064A— A=
or
3kc—18=(A+B)x+4B—-24=> A+ B=3k, —18=4B-24 Ml | LIb
— A= ar B=_.
2k+3 k-3
+
x+4 x-2 il
3)
(b) . Ll e L wy _ an
l [ s S| | dv=_In(x+4)+__.In(x~2) M1 |12
x+4 x—2
("2E+3"YIn(x+4)+("k-3")In(x-2) Alft | 1.1b
("2k+3" Y3 -("k-3"MIn(3) = ("k+06")In5=21=k=_. dMI1 | 3.1a
21 =
(k=)—-6 Al |22a
In5
4)
(7 marks)
Notes
(a)

B1: Comrect form for the partial fractions and sets up the cormrect corresponding 1dentity which may be
implied by two equations in 4 and B if they are comparing coefficients.

M1: Either

¢ substifutes x=2 or x =—4 i an attempt to find 4 or B in terms of k

¢ expands the rhs. collects terms and compares coefficients in an attempt to find 4 or B in terms of &

Or may be implied by one correct fraction (numerator and denominator)
You may see candidates substituting two other values of x and then solving simultaneous equations.
Al: Achieves 2£ +: 3 £ _2 with no errors. Must be the correct partial fractions not just for correct
X+ x-=2
mumerators. May be seen i (b). Correct answer implies BIM1A1. One correct fraction only BOMI1AQ




(b)

M1: Attempts to find In [ SR N el | dx . Score for either

Alft: ("2k+3")In|x+4|+("k—3")In|x -2

dM]1: A full attempt to find the value of k. To score this mark they must have attempted to integrate their

Al: Deduces (f —} _6 or exact equivalent e.g.

—.In(x+4) of —— — _In{x—2)
x+4 x-=2 ) X+ x-2

Allow the _.. to be 1n terms of & or just constants but there must be no x terms.

Condone mwisible brackets for thus mark.

but condone round brackets e.g. ("2k+3")In(x +4)+("k—3")In(x —2) or equivalent e.g.
("2k+3MIn(x+4)+("k—-3"1In(2—x)
Follow through their partial fractions with numerators which must both be in terms of &.

Condone missing brackets as long as they are recovered later e g. when applying limits.

partial fractions, substituted in the correct limits, subtracted either way round, set = 21 and
attempted to solve to find k. Condone omission of the terms contaming In(1) or In(-1).

Note that e.g. In(-5) or In(3) must be seen but may be disregarded after substitution and subtraction.
Do not be concerned with the processing as long as they proceed to k= .

Condone if they use x mnstead of k after linmts have been used as long as the mtention is clear.

21-6In5 21-3In25
ms =~ Wy

Allow recovery from expressions that contain e.g. In(—3) as long as 1t 15 dealt with subsequently.

Also allow recovery from mwvisible brackets. Condone x = % —6

Some candidates may use substitution in part (b) e.g.

.JA " "2k+3“+"k—3" ‘ e JA {"2k+3" 1 s [ | —3" ‘t(_h
L ox+4 x-2 ) L x+4 ) 4 5
TR |" ; —"2;{::" ‘ = ]ﬂ | o A ] du=_.lnu
U=x—2= [‘ ; “;‘::i" ‘ dy = ] | ]du Clnu

Score M1 for integrating at least once to an appropriate form as in the main scheme e.g. .. Inu
Alft: For ("2k+3")Inu|+("k—3")n|y|
but condone ("2k +3"Inu +("k —3")Inu which may be seen separately
Follow through their "4 and "B in terms of k.
Condone mussing brackets as long as they are recovered later e g. when applying limits.
dM1: A full attempt to find the value of k. To score tlus mark they must have attempted to integrate their
partial fractions using substitution. substituted in the cormrect changed limits and subtracts either way




Al:

round, set = 21 and attempted to solve to find & Do not be concemed with processing as long as they
proceed to £ = ... Condone omussion of terms which contain e g. In(1) or In(-1).
Note that e.g. In(-5) or In(3) must be seen but may be disregarded after substitution and subtraction.
[k+3)nu] +[(k-3)nu], =21= (2k+3)In5-(2k+3)In1+(k—3)In1-(k—3)In5 =21

= (2k+3)In5—(k-3)In5=21= (k+6)ln5=21=k=...

2 : 21-6In5 21-3In25
k- =" g orexact equvalent e.g. = .21log. e—6 .
In5 4 g n5 In5 25

Allow recovery from expressions that contain e g_ In(—5) as long as 1t 1s dealt with subsequently.

Also allow recovery from invisible brackets.

Q8.
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Question Scheme Marks | AOs
(a) Attempts
_}'.%=(':Esi.n 2t+3sint)x16sintcost and uses sin2f = 2sinfcost M1 23
Correct expanded integrand. Usually for one of
[R]:j 48sin® foosr +165in® 2¢ dr
(R)=j 48sin’ fcost +64sin’ tcos” £ dr < Kok
(R')=j 24sin 2¢sint +16sin’ 2 dr
Attempts to use cos4f =1—2sin” 2¢ = (1-8sin’ f cos 1| Ml | LIb
sz. 8—8cos4r+48sin” rcosrdr  * Al* 21
0
T
Deduces a = Ve B1 2.2a
(%)
®) j 8 —8cos4r+48sin’ rcosr dr =8 — 2sindr +16sin’ ¢ o
. R _ M1 | 21
[8t—25m4r+165m r]o =2n+4J2 ki | wian
(4)
(9 marks)
Naotes:




(a) Condone work in another variable, say 8 <> ¢ if used consistently for the first 3 marks

MI1: For the key step 1n attempting y.% = (2 sin 27+ 3sin t:)x 16sinfcost with an attempt to use

sin2t =2sinfcost Condone slips in finding % but it must be of the form ksintcost

Egl }‘.E:[Zsm 2t+3sint)xksinfcost =(4sinfcost+3sint)xksintcost

Eg I _}-‘.%= (2sin 2t +3sint)xksmfcost =(j25i112t+3si.nti)>c%sin 2t

Al: A correct (expanded) integrand in 7 . Don't be concerned by the absence of f or df or limits

(R_):j 48sin’ fcost +16sin” 2¢ dt m(R)zj 48sin’ fcost+ 64sin” fcos’ t df

but watch for other correct versions such as (R] = J. 24sin 2¢sins+16sin” 2f dr

M1: Attempts to use cosdf =21t 2sin” 2f to get the integrand 1in the correct form.
-2 - - 3 43 P, :
If they have the form Psin” 2f it is acceptable to write Psin™ 2 =?(ilicos 4r)

If they have the form Qs.-i:u2 tcos’ t sight and use of sin2f and/or cos 27 will usually be seen first.

There are many ways to do this, below 1s such an example

o e 1—cos2t) 1+c032r"_ .l—cosz 2;‘-_ 1 cos’2f ” 1 l4cosdt)
Qsin” fcos r-,__ 5 l 5 —ol——— e _l

i 8

Allow candidates to start with the given answer and work backwards using the same rules.

So expect to see cosdr =x1x2x sin2 2t or cosdr =12 c-::'s2 2t + 1before double angle 1dentities for
sin2f or cos2fare used.
Al*: Proceeds to the given answer with correct working. The order of the terms 1s not important.
Ignore limits for this mark. The integration sign and the df must be seen on their final answer.
If they have worked backwards there must be a concluding statement to the effect that they
know that they have shown 1t. The integration sign and the 4t must also be seen

E.g. Reaches J. 48sin” tcost+64sin’ fcos” £ dt
Answer 1s I 8 —8cosdr+48sin” fcost dt
=j' s—s('i-:zsin’zr)+4ssin2rcosrdr
:j 16sin’ 2t + 48sin’# cost dr
:j 64sin’ fcos” t+48sin’ rcost df

which 15 the same. v

Bl: Deduces a =% . It may be awarded from the upper limit and can be awarded from (b)



(b)

M]1: For the key process in using a correct approach to integrating the trigonometric terms.
May be done separately.
There may be lots of intermediate steps (e.g. letu =sin f) .
There are other more complicated methods so look carefully at what they are doing.

J 8 —8cos4r+48sin’rcost dr =+ Psin4r + Qsin’ r where P and Q are constants

Al: J 8—8cos 4t +48sin’ fcost df =81 — 2sin 4t +16sin’ #(+¢)

If they have wntten 16 sin’ f as 16sint’ only award 1f further work implies a correct answer.

Simuilarly. 8¢ may be written as 8x. Award 1f further work implies 8¢, e.g. substituting in their limits.
Do not penalise this sort of slip at all, these are intermediate answers.

T T Fs N
M]1: Uses the limits their a and 0 where a = 2 01'? in an expression of the form i+ Psmn4r+Qsin’ ¢

leading to an exact answer. Ignore evidence at lower limat as terms are 0

8
Al: CSO 21+442 orexact simplified equivalent such as 2H+f or 2m++/32.

Be aware that ITS —8cos4f+48sin” fcost df = 8¢+Asindr +16sin” r(l+c‘)‘w0uld lead to the
: Lk .

correct answer but would only score M1 A0 M1 AOD

(Q16 9MAO/01, June 2022)

Q9.



(a)

M1:

®)®
B1ft:
(b)(11)
MI1:
Alft:

B1:  States oruses h=0.25

A full attempt at the trapezium rule with their /.

All y terms must be present but condone copying slips.

Do not condone missing brackets unless implied by subsequent work.
Al: 0.855 only (not awrt)
(Note that the calculator answer 15 0.856)

Attempts to use the trapezium rule again score no marks.
For 2x their answer to part (a). Correct method must be seen.

Question Scheme Marks AOs
(a) e S T
States or uses h=0.25 Bl 1.1a
Z{1+0.1054+2%(0.9394 +0.7788+0.5698+ 0.3679+0.2096)} | MI 1.1b
=0.855 Al 1.1b
(3)
(b)(1) g
e dr =2x(a)=1.71 Blft 22a
-1.5
(ii) 15{- o
+7 |dx= +|7x]| = +7x1.5
.L H__e ] i@ ~{a) M1 3.1a
= 0.855+10.5
= 11.355 Alft 1.1b
(3)
(6 marks)
Notes:

Awarded for their answer to part (a) + 7x1.5 or their answer to part (a) + 10.5
Correct working followed by awrt 11 .4 but ft on their 0.855

Q10.

(Q05 9MA0/02/M, June 2025)



Question Scheme Marks | AOs
(a) {H=4_'~ﬁ:>} ﬂ= —lh—l or —I——E{-i—u) or ﬁ=—2«.1’T Bl 1.1b
dh 2 i i
:j dh _ A —3{4—”)d M1 21
J4-n u
:j[ 242 du ML | Llb
\ o !
M1 1.1b
=—8lnwu+2u {+c}
Al 1.1b
=—8111|4—JE|—2(4—JE)+C - —8111|4—JE]—2 ho+k* Al* 2.1
| dh _ "% @-h) |
a— =2 v N7/ 0=} 4-Jh=0 3
() @ = __| Vi Ml 34
Deduces anyof 0 <h <16, 0=h<16. 0<h=16, 0=h=16, Al oo
h<16, h=16 or all values up to 16 s
)
(c) 1 a5 = Lfﬂ'ﬁd!
Way 1 I(4—JE) = Y3 B =0
¥ M1 1.1b
% sy g LR
sm|4 Jf?| Wi =< fre) = -
{t=0.h=1=} —8111(4—1)—2\/(1_):%(0)1-3-‘“ Ml 34
2D
=c=-8In(3)-2 = -8ln4—i|- 24 :%:1-35—8111(3)—3
. e aM1 3.1a
(h=12=} —sm|4—J1_z|—2 12 =Erl-3?'—31n(3)—3
112 =221.2795202... = t=15/221.2795... or t=(2212795..)" Ml 1.1b
t=75154...=t= 752 (years) (3 sf) or awrt 75.2 (years) Al 1.1b
Note: You can recover work for part (c) in part (b) (7)
() - - dh j.?rc'lidr
s ————dk = Bl 1.1b
War2 L (@=+h) 0
o Tl T Ml 1.1b
20(-8In(4 —fh|-2h) | ='——f”:}
[ ( | \/_| ‘f_)n Al L Al 1.1b
20(-81n(4 —f12) - 24/12) - 20(-8mn(4-1)— 2 /1) = iri-ﬁ -0 e =
5 dM1 3.1a
T'¥ =2212795202.. = T =132212795... or T=(221.2795.)°¢ M1 1.1b
T=75154... =T = 75.2 (years) (3 sf) or awrt 75.2 (years) Al 1.1b
Note: You can recover work for part (c) in part (b) (7)
(15 marks)




Notes for Question

(a)
1
Bl1: See scheme. Allow du = —%F’.' Ydh, dh=-2(4—w)du, dh = —E-J{Edu 0.€.
: dh : :
MI: Complete method for applying 1= 4—@ to ” J}_ to give an expression of the form
—fh
IM&” k=0
u
Naote: Condone the omission of an integral sign and/or du
MI1: Proceeds to obtain an integral of the form II £+B | {du}; A.B=0
1 I{ I
M1: I; £+B | {du} — Dlnu + Eu; A, B, D E =0; with or without a constant of integration
u -
B ) : . . :
Al: I ——+2 ‘ {du} — —8lnu+ 2u ; with or without a constant of integration
. u /
Al*: dependent on all previous marks
Substitutes uw=4-— JE into their integrated result and completes the proof by obtaining the
printed result —8h1|4—JE| —2Jh +k
Condone the use of brackets instead of the modulus sign.
Note: They must combine 2(4) and their +¢ correctly to give +k
Note: Gomg from —8]11|4—JE| + 2(4—@) +c to —3].11|4—~\/E| - Qﬁ + k. with no mtermediate
working or with no incorrect working 1s required for the final A1* mark.
Note: Allow A1* for comrectly reaching —8]11‘4— JEI —24Jh +c+ 8 and stating F =c +8§
Note: Allow Al* for comrectly reaching —8]11‘4—\/5‘ +2(4——JF_:) +k=-8In 4——\fi_| - EJE +k
Alternative (integration by parts) method for the 2* M. 3™ M and 1°' A mark
[ =2¢4— Yt — ]
J‘Mdu = jﬁ du I =(2u—-8)Inu —jllnadu = Qu-8)nu — 2(ulnu —u) {+ c}
L u u ]
284 \[1: | Proceeds to obtain an integral of the form (4w + B)Inu — j.;l]nu {du}: A.B=0
3rd \1: | Integrates to give Dlnu + Eu; D, E =0: which can be simplified or un-simplified
with or without a constant of integration.
Note: Give 3@ M1 for (2u —8)Inu — 2(ulnu —u) because it 1s an un-simplified form of Dlinu + Eu
1t Al: Integrates to give (2u—8)Ilnu — 2(ulnu —u) or —8Inwu +2uoe.

with or without a constant of imegration.

(b)

M1: Uses the context of the model and has an understanding that the tree keeps growing until
% =0= 4—\ﬁ = 0. Altematively. they can wnte % >0 = 4-@ =0

Note: Accept h =16 or 16 used in their mequality statement for this mark

Al: See scheme

Note: A correct answer can be given M1 Al from any working.




Notes for Question

(c) Way 1

Bl1: Separates the variables comrectly. dh and dr should not be in the wrong positions, although
this mark can be mmplied by later working. Condone absence of integral signs.

MI1: Integrates t* to give Af"7; A=0

Al: Correct integration. E.g. —8 ]n|4 - | — 2 = %r”ﬁ or 2.0(—8m|4—JE | —2.Jn) = %:1-25

1 13 . 4 125

—sm|4—\/;?‘ +2(4—~h) = or 20(—3111‘4— J}T|+ 24—J1)) = 5
with or without a constant of integration, e.g k, ¢ or 4

Note: There 1s no requirement for modulus signs.

MI: Some evidence of applying both 1 =0 and k=1 to theiwr model (which can be a changed
equation) which contains a constant of integration. e g k. cor 4

dM1: dependent on the previous M mark

Complete process of finding their constant of integration, followed by applving 5 =12 and their

constant of mtegration to their changed equation
their 125

MI1: Rearranges their equation to make ¢ =___ followed by a correct method to give t=__; >0

Note: ™13 —  can be negative, but their “#=__" must be positive
Note: “their 1.25” cannot be 0 or 1 for this mark
Note: Do not give this mark if ™' = __ (usually /** = _.)1s a result of substituting 1 =12 (or r=11)

B C N

into the given — =
dt

Note: They will usually write ﬁ as etther 12 or 11.

20 dt
Al: awrt 75.2
(c) Way 2
BI1: Separates the variables comrectly. dh and df should not be in the wrong positions, although
this mark can be implied by later working.
Note: Integral signs and limits are not required for this mark.
MI1: Same as Way 1 (1gnore limits)
Al: Same as Way 1 (1gnore limats)
MI1: Applies limits of 1 and 12 to their model (1.e. to their changed expression in /) and subtracts
dM1 dependent on the previous M mark
Complete process of applying linuts of 1 and 12 and 0 and T (or “t") appropniately to their
changed equation
MI1: Same as Way 1
Al: Same as Way 1

(Q14 9MA0/02, June 2019)
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(a)

T
R= ——dx
,“1 X d— x

1
——dx= 2cosu (du) M1 3.1a
J‘ ©ala=x 4sin’ u\4—4sin” u

Uses 1-sin‘u=cos u =>+/4—4sin’u =2cosu dM1 1.1b
1 : (i) 1 2 _
= | ———— 2cosu(du)= | —cosec udu Al 2.1
4sin” ux2cosu a
Deduces a _E and b—— B1 2.2a
()]
Ecosec'u{du_}z—zcotu (+¢) Bift 12
h 4
= —lcotr.‘ : ——lcot—+ - cot— M1 2.1
I g il - o
[]
o B B
= ﬁ or 6 Al 1.1b
(3)

(7 marks)




Notes:

()
1 g/t cosu
M1: Proceeds to x Beosuo.e. or may be impliedby ——— o.e

Asin’ uy+C+Csin’ u Dsin ucosu

in terms of wonly A4,B,C,D #0
Requires dx — ...cosu (du) o.e. Condone the omission of the integral sign and du for this

mark. Condone the B cosu appearing after the du if present

o 1 c’
It cannot be implied by —— or CO5eC ¥ where D#0
Dsin"u D

dM1: Attempts to use +1+sin’ u == cos’ uto change y+C+Csin’ u to peosu o.e. (Must be

seen somewhere in their solution which may be part of side-workings)

May be seen as e.g. . x Bcosu or ! = Bcosu

S | - 2
Asin”® m,l'C’coszu Asin” ux Fcosu

It 1s dependent on the previous method mark.

Al: J‘ % cosec u du Ignore any limits or the absence of them for this mark.

Requires the integral sign and du. Do not 1sw. Must be seen 1n (a)

Bl: Deduces a =% and b =% (1n radians) May be with their final integral in the correct

positions or stated separately which value 15 a and which value 1s b. Must be seen m (a).

Alternative part (a) (Further Maths)

M1: u=aﬂ:5jn{£):;>ﬁ=L It cannot be implied by 1 T ,D#0

dx 1— Ni® Dsin” u D

dM1: Uses i = ! 0.e , substitutes x =2smu and proceeds to _1 ~
de 452 4sin” u

the previous method mark.

It 15 dependent on

1 2 i :
Al: J‘ 7 cosec u du Ignore any limits or the absence of them for this mark.

Requires the integral sign and du. Do not 1sw. Must be seen 1n (a)
i X i X
Bl: Deduces a ='JE and b= 3 (must be in radians)
May be with their final integral in the correct positions or stated separately which value 1s
a and which value 1s b. Must be seen in (a).




(b) Condone x instead of # provided the appropriate limits are substituted into the
function

BIft: kcosec u —> — k cotu (may be left 1n terms of £+ 0)

”

e.g. —2cosec u — 2 cotu 1s Bl (look for the sign to change as well)

Note some candidates may prefer to change

n ®

3 §
1 2 1 - 1 :
J. 7 cosec u (du] = —J. A cosec u(du)= Ecotu (+¢) which scores B1ft

n 3

e G M ’
MI1: Uses the limits 5 and 3 either way round (or condone use of 30% and 60%) in an

expression of the form *gcotu and subtracts (either way round).
Allow g =1. May be implied by ther final answer provided B1ft has been scored.

E T
cosz jcose

- 6

May wnite ase.g. —— .
. sin = 4 sin—
3 6

Do not condone a sign slip heree.g. — %cot%—%cot% 1s MO.

The expression 1s sufficient but if just a value 1s stated following integration to the
required form then you may need to check this on your calculator.

If no algebraic integration 1s seen then MO

If only decimal values are seen then MO

3
Al: ——or £ provided the previous two marks have been scored.

e

Note that incorrect integration e. g.J. k cosec u du = k cotu — T scores BOfM1AO
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s x(2x+1)7 : (2x+1)" i . s
X = X 2
(2x+1) =4 X
(2x+1)" dM1 1.1b
- -8
_ X : 1
a(2x+1)  8(2x+1) o .
{ 7 X \
el = - & H— T daM1 | 1.1b
L H(2x2+1) 8(2x2+1) ) | 4(2x0+1) 8(2x0+1) )
2. E.x 2
e i e T, Al* 2.1
“8 "T00 20'8 25
(3
AT X u—1
—dx= —(du) where u=2x+1 M1 3.1a
(2x+1) - -
= ln-: —lu-s du= dM1 L1b
4 4
I 4 il 3
= —z“ +§“ Al 1.1b
T x s al f . WY { 30
'[:I (2I+l.}s dr—l:—zll +§H l —[‘—E‘i‘m]—{—z"‘gl dd.Ml l.lb
1 | T
e R e e * 2
“8 72072007825 e =
(3)
(5 marks)
Notes:
M1: Obtains ax(2x+1)~ =B j (2x+1)7 (dx) o.e. where o, p=0 but may be equal to each
other (you do not need to be concerned about how they arrive at this)
dM1: Uses a correct method to integrate an expression of the form
B[ 2x+17 (dx) > £y2x+D7, By=0
It 1s dependent on the previous method mark.
Ay e = : o.e. Allow this to be unsimplified

4(2x+1)" 8(2x+1)
Watch out for the DI method

D I

- 2 (2x+1)~

_ i N @x+D7
\ 4

. i (2x+1)7!




ddM1:

Al*:

-2 |
- . : X x(2x+1 2x+1
Grving correct integration e g. ;3 dx=- x(2x+1) — 2x+D)
(2x+1) 4 8

Score M1dM1 for obtaining + px(2x + 1)_2 Tq(2x+ 1)_I . p.-q=0 and Al for both correct.

Substitutes 0 and 2 into an expression of the form * px(2x +1)_2 + q(2x+1)_1, p.q=0or
equivalent and subtracts erther way round. Evidence of limits used cannot be the given
answer. Condone ships but not directly evaluating the expression as 0 when x 1s 0. It 1s
dependent on both of the previous method marks.

Shows evidence of evaluating after or when the limits are substituted in before proceeding
to the given answer with no errors seen including invisible brackets and all previous
marks scored. Condone missmg/poor notation e.g. missing the dx throughout

Alternative method I — substitution using v =2x+1

Mi1:

dM1:

Al:
ddM1:

Al*:

Uses a suitable substitution e g. u = 2x+1 and proceeds to .4.{. £ _31 (.du) o.e.
u

Splits into separate fractions and attempts to integrate AJ. u—u (du) Look for at least

one correct index for one of the two terms ie. ¥~ —u™ or u~ — u™ _It is dependent on
the previous method mark.

) R Y
—zU tgu oe

Substitutes correct limits (1 and 5 if in terms of u) into an expression of the correct form

A (or may have substituted back in terms of x and substitutes in 0 and 2 into an

expression of the correct form +p(2x+ 1)_2 s q(2x+1)_]. P.q =0 o.e and subtracts either
way round — see above for ddM1). Evidence of limits used cannot be the given answer.
Condone slips. It 1s dependent on both of the previous method marks.

Shows evidence of evaluating after or when the limits are substituted in before proceeding
to the given answer with no errors seen including invisible brackets and all previous
marks scored. Condone missmg/poor notation e.g. missing the du throughout

Alternative method II — partial fractions

M1: Writes & —as B 23 ~ 0.e. Allow + o + N (where M and

(2x+1)  (2x+1)  (2x+1) (2x+1)"  (2x+1)°

N are constants)

dM1: J.— = {dr]:J. ("O—'S"}:{dx—]—j {"':'+5"3{'.h):_+___(2x+1}"_+...|[2x+1]'2

(2x+1)’ 2x+1 2x+1)
Al: - 1 = h— : — 0.8
4(2x+1)  8(2x+1y’

| 2

ddM1: Substitutes 0 and 2 into an expression of the correct form = (2x+1) =..(2x+1) and

subtracts either way round. Evidence of limits used cannot be the given answer. Condone
slips but not directly evaluating the expression as 0 when x 15 0. It 1s dependent on both of
the previous method marks.

Al*: Shows evidence of evaluating after or when the limits are substituted in before proceeding
to the given answer with no errors seen including invisible brackets and all previous
marks scored. Condone missing/poor notation e.g. missing the dx throughout.
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Q13.
Question Scheme Marks AOs
- 8x" . [16x Ml 3 |
8.'_ : Ix d.l'=_— _'II+ el 3x d,
J. xe i e e e X Al 116

ket o, 1 dM1 1.1b

0o M1 | 21
o "_Ee'i_lﬁ -E_E_D_O_E
9 2 | 27
16 136
= ——— Al 1.1b
2 2

&)

(5 marks)




Notes

Mark positively in this guestion and do not penalise poor notation such as a missing “dx™ or
spurious integral signs, “+ ¢ etc. as long as the intention is clear.

MI:

(vou do not need to be concerned about how they arrive at this)

: ; e : i B8x" 3
Al: Correct expression simplified or unsimplhified. E.g. allow — 3 g —J‘

S . : 2
Note that we condone the “87 missing for this mark so allow e g. — e e=* —j‘—— e dx

Note that notation may be poor here but the intention clear e g. if they obtain

vl
& o3

Obtains fax'e " + ,{?jx e T dx

3 l6x
3

e—lx dl'

L

16x . 16x . :
: - +|:? e"x} and then attempt to integrate TX e~" both marks can be implied.
dM1: Attempts parts again on i‘,{?j x e dx to obtain tAxe ™+ B | e dx
This may be seen in 1solation and does not need to be seen as part of the complete

integration. Depends on the first method mark.
Watch for the DI method (with or without the 8):

D I
+ 8 .. g="
- 16x -le™
+ 16 T e
_ 0 S L ex
Grving the correct integration e.g. J.B_ar1 e dxr= —% e % e ; e

In such cases score M1dM1 for obtaining +px‘e™* tqxe™ tre™ p.g.r=0

and then Al for the correct first 2 terms. with or without the factor of 8.
Note that for this aporoach M1A1dMO is not possible

MI1: Substitutes the limits 1 and 0 mto an expression of the form
taxe " = fxe £ e, @, f,7 =0 and subtracts the right way round.
Must see evidence of the use of both limits and subtraction and use of e’ =
R P .\j _3y . )
Note that some candidates apply the limits as they go e.g. to the {_T B wwlnch 15
acceptable but vou will need to check carefully that overall they are satisfying the
conditions above.
Condone not realising that the first 2 terms evaluate to 0 when substituting x=0e g
3 16 16 ({ 8 16 16) ;
condone ——e” ——e~ ——e” —| —=————__| as we have evidence of e’= 1
3 9 24 A 3 9 27)
8§ ; 16 ;5 16 ; [ 16 136 ; 16 i
Note thate.g. ——e P —| B i ’———e * __— scores M0 as it suggests
3 9 27 27 27 27
that ¢” =1 not +1.
1 136 _, : ;
Al: Correct answer of o7 - ‘)_C but allow equivalent exact fractions and condone
16 136 :
— . Isw once the correct answer is seen.
27 2le




Candidates who consistently misread 8x‘e ™ as 8x’e™ :
8x7e™ dr:geh— Lo e dx
3 3
B . l6x 16
=_LEH——‘€3I+ ain ei.rdx
3 9 9
B o Mbmogy 16 57T
—e ——e +—e
3 9 2T i
8 ; 16 ; 16 ; (16 40 ; 16
=—e’——e'+ —‘ |=—¢-
3 9 27 27} 27 27

Scores a maximum of MIAOdMIMIAQ
The main scheme can be applied similarly e.g.

MI1: Attempts parts to obtain ax'e” — | x e dr. a.8=0
A0: Notavailable
dM1: Attempts parts again on ﬁj.x e** dx to obtain Cxe™™ — DI e*dx, C.D>0

M1: Substitutes the limits 1 and 0 into an expression of the form

i 5l

+Ax’e™ + yuxe™ £ ye™*, A, 1,y = Oand subtracts the right way round.

Must see evidence of the use of both limits and subtraction and use of e’ = 1.
A0: Not available

But note. do not allow mixing of 3x’s and — 3x"s. If there are a mixture. applv the main scheme.

Q14.
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Question Scheme Marks AOs
@) x:asinzéi’::»%:;msmé?cmﬁ Bl 1.1b
1
J.x3~..|’a—xd1'=J.wEsinH a—asin’ 8 x 2asinHcos&{dE} M1 21
=Iﬁsin&~/;cosﬁ <2asinfcosfdf = Zazjsinz fcos’ 6d&
dM1 3.1a
- Hffj‘j %m'n 20 | do
Replaces or considers limits {x=0=}6=0, {x=a=}6= —:
. ) Al* 1.1b
:laﬁj‘:sinl 2040 *
2 0
4
b . 1-cos48
G j si11‘26dé?—>.._J C—‘;Sda M1 1.1b
(& 1. \
> | 5 g 40 | dM1 04 |
7 G
1 sm‘zﬁdﬁﬁ‘;la—zsm-‘lﬁl Al 1.1b
| a\‘% a—xdx!"- a_1| i—0—0]—l Ta’ Al 1.1b
L= T |
4
(8 marks)
Notes
(a)
dx ; :
B1: d—; =2asinfcosf or dv =2asinFcosddE o.e. seen or implied by their substitution.
) i a ) dx e X
Note that writing X =asin” & = & (1—cos2d)— i asin 28 is correct. Condone use of o
2 a
-
M1: Attempts to substitute, fully replacing x* and yJa—x with &'s and dx with theirdx= ___

1

Look for x2yJa—x dx —f(&)g(f)h(F) where

e f(#) is an attempt at V@ sin’ @ e.g. allow asin® but just asin’ & is not condoned

o g(0) is an attempt at y/a—asin" & but not Ja —lasin’ 8 unless Va—-asin® @ is

attempted first

, .
¢ h(@&)=their dx or their — or — (in terms of & only but condone da seen)
theirr —
déa
i
Condone slips provided the intention is clear, e.g. x? —+/a sin’ & but x must be eliminated.

There 1s no need to replace the limits and condone the absence of d& and/or the integral sign
for this mark.




dM1:

Al*:

(b)
M1:

dM1:

Al:

Al:

Attempts to use sin2¢ = 2sinfcos# to convert an integral of the form j.:?,in2 fcos’ @ df or

e.g. the form J.sin Hcosfsin20 dé  to .(_,,sinz 260 dd

There 1s no need to replace the limits and condone the absence of d# and/or the integral sign
for this mark.

Replaces or considers limits {x =0 :‘>} =0, {x =a :»} a= % at some stage before the given

answer and proceeds with no errors to the given answer. The replaced limits may appear with
their integral symbol and do not have to be justified and do not have to appear on every line.
Condone infrequent slips in notation, e.g. sin#” in a line as long as it is not consistently poor.
You must see the integral sign with the correct limits and the d& together in the given answer.

Adopts an appropriate strategy by using the double angle 1dentity to obtain an integrable form

; +1+ cos 4¢
J sin” 268d8 — j _1;;)548 d& which may be seen as

A j sin?20d6 —> % j S ol it e % shinedbiod i coullibab ot

integral.
Integrates into the form + pf = g sin 46

B TS . LR
Correct integration of 'UI sin” 26848 to %: H—Zsm 40 |. Here y maybe 1.

Condone lack of limits here.

s : | - ;
Applies limits to the correct integral and proceeds to gﬁ(f following correct work.

There 1s no need to see 0 substituted 1 and condone any omission of mtegral signs and/or dé#

Note that % I:S' - % sin 49} = % Ta® is incorrect and scores M1dM1A0A0Q
0

o :li ) kf:? l )
Use of sin” 28 = % with & # 4 scores MOdMOAQOAO but may lead to gfm"

W 31,
Condone use of x in place of ¢ e g %{x—zsiﬂélx} =§,Ta'

See overleaf for some alternative approaches.




Alternative (a) working backwards:

S1E |

l 543 il TR ) dx o , . )
;a"-{ sin” 26de d—; =2asinfcost! score Bl (as in main scheme)
2 Jo

n
1 ,(3, cox o
=;a‘j'i_25m&?c058]{QSchosf-HdS
2 Jo

n
: r
= a—{ sin & cos ¢ dx
i}

Score M1 here for using the double angle identity and replacing ...sin#cos@ df with dx
= uj \/EJI—i dx

o Va a
Score dM1 here for a full attempt to replace all trig leading to everything in terms of x only

Must come from the form j ...sin #cosf dx

Al fully correct with limits replaced / considered before the final line and the final line fully
correct with limits, integral sign and dx as per the main scheme.

Alternative (b) via IBP Way 1:

gmz e [u=sin*26 v'=1]
0 |#'=4sin 268 cos 28 v=4|
=[95m3 29} —4Ffrsmzec0329d9
o 0
2 b ‘u=9 v'=smn 48
=[9m‘n329]§—2 *8sin48d8 cos48
0 0 ‘u'zl v=— 3

L3

~[sin®26 2 —2| {— 8"“’549}2 —r—“’sﬂ'eda Score M1 here.
= 4 g 0
=[@sin® 262 —2[— 9“; s il 5”11649}‘ Score dM1 here. Al if correct (ignoring limits).
0
=[95m129 , Beosd8 511149:12
2 E L

T |

4

Iy . a 1 .
=IO+%—O|—{_O+O—O]=— — fl[j x a—xdx=>=%na" score A1* (with no errors).
\ ) Jo




score Al* (with no errors).

al 1
— {J xgﬁg"a—xd:f:}:é?m2
0

Alternative (h) via IBP Way 2:
p "'u =sin 28 v'=sin28 |
“sin® 2040 ) g b
.L ‘1{':2{:0529 =_cos_t?|
. 2.
=|:_ sin 28 cos 26':|'—- —J:—cosz 2948
2 p 90
g o5 T in20c0s20 (3 T
:,J*sm-' 2048+ | *sin? 2048 {— — '9:05 9} +J'cos‘ 29d9+_[-5m- 2848
0 ] 2 s Y0 0
— 2| ?sin? zgdf—?:[—wr —-Fldf? Al s
1] 0 1]
s i T
=2|2sin? 2040 = [—% 4 9} Score dM1 here_ A1 if correct including the 2
Y 0
(1gnoring limits).
= 5mﬁ%ma:ﬁo+£]—&ﬁ+m=ﬁ
0 2\ 2l 2 4
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Q15.
Question Scheme Marks AOs
13 (a) (1) Explains 2x —g =0when x=20e Hence g=4* B1* 24
(11) Substitutes [.3 l] into y _p;.”\ and solves M1 1.1b
' S e TR IR '
1 p-9
—_—— = =5 9 = 6 = = 15 - L 2
2 (2)=(6) p P Al 21
(3)




h 5-3x . . .
() Attempts to write L—_lm PF's and integrates using Ins
(2x—4)(x+3) M1 3la
between 3 and another value of x.
15-3x A B .
s = —+ leading to 4 and B
(2x-2)(x+3) (2x-4) (x+3) efosm Bl k2h
15-3x _ 18 B 24 - 09 24 - - _
(2x-4)(x+3) (2x-4) (x+3) (x-2) (x+3) '
15—-3x
J.( ( By dx=mln(2x—4)+nln(x+3)+(c) M1 1.1b
2x—4
15—3x : 4
T T N Y 09In(2x—4)-2.4In(x+3) oe Alft 1.1b
(2x-4)(x+3) 24
Deduces that Area Either & X
(2x—4)(x+3)
2 4 Bl 2.2a
Or [ —— I,
Uses correct In work seen at least once for mn6=In2+In3 or
In8=3In2
dmM1 21
[0.9 In(6)— 2.4]11(8_)] —[0.9 In(2)- 2.4]11(6)]
=33In6-72In2-09n2
=33n3—-43mn2 Al 1.1b
(8

(1lmarks)




(a)
Bl*: Isable tolink 2x—g=0and x=2 to explamn why q =4

Eg "The asymptote x =2 is where 2x—g=0s0 4—g=0=¢g=4"

"The curve is not defined when 2x2-g=0=g=4"
There must be some words explaining why g = 4 and in most cases, you should see a reference to
erther "the asymptote x=2", "the curve 1s not defined at x=2" 'the denonunatoris 0 at x=2"

1 A 2
M1: Substitutes (3.—1into v:& and solves
32) Y= (x)
N —
Alternatively substitutes {3,—}:11:0 1,=-=L and shows l= : 8 — o0&
AL © (2x-4)(x+3) 2 (2)x(s)
p_

Al~: Full proof showing all necessary steps % = = p-9=6=p=I15

(2)=(6)

In the alternative there would have to be some recognition that these are equal eg v hence p=15

(b)
M1: Scored for an overall attempt at using PF's and integrating with Ins seen with sight of limits 3 and another
value of x.
s - -

M1: s 31 = 4 + B leading to 4 and B

(2x—4)(x+3) (2x-4) (x+3)

15-3x 1.8 24 09 24 9 12
= 2 — = i , or for example B . e — oe
(2x—4)(x+3) @2x-4) (x+3) (x=2) (x+3) (10x-20) (5x+15)
Must be written 1 PF form, not just for correct 4 and B

q -
M1l: AreaR= J‘(ldr—]?i“"%)dx mln(2x—4)+nln(x+3)

i
.[ (a : 7 31+%)dx=mh’(-’f-3)+”h1(x+3)
X — 1

Note that

dx — mln(nx+3n)

—2k) and I

-2) ]

15-3x

Alft: = | ——= % _dx=091In(2x—4)—2.41n(x+3) oe. FT on their 4 and B
(2x—4)(x+3)

Bl: Deduces that the limuats for the mtegral are 3 and 3. It cannot just be awarded from 5 being marked on

5

15—3x
Figure 4. So award for sight of j. =

m(dx) or [ .............. ]j having performed an integral which
2x—-4)(x

3
may be incorrect

dM1: Uses correct In work seen at least once eg In6=In2+In3 . m8=3In2 or mIn6k—mIn2k =min3
This 1s an attempt to get erther of the above In's 1n terms of In2 and/or 1n3
It is dependent upon the correct limits and having achieved mIn(2x—4)+nln(x+3) oe

Al: =33In3-438In2ce

(Q13 9MA0/01, June 2019)



Q16.

Question Scheme Marks AQOs
@) Substitutes r=0_x=4:>4=k>f_ =k=_. M1 3.1b
D
10(3t+2)
Pl silbihe | Al 3.3
4 +5
)
(b) 7500 Bift 3.4
1)
© S g =4=A(6-x)+Bx=>A=__B=_ M1 1.1b
6x—x" x 6-—Xx :
2 2
A==or B== Al 1.1b
3 3
4 2 2 2
—=—+ €. 6.8 —+——
6x—x 3x 3(6-x) ¥ 3 18-3x =
3)
(a)
M1: Substitutes x =4 and ¢ = 0 into the given equation and solves to find a value for £.
10(3¢+2 : .
Al: Correct equation x = ( +_ ) oceg x= oL ?:0 but not just for k=10
4¢+5 4t +5
(b)
Bift: 7500 oe e.g. 7.5 thousand. Follow through their & so allow for 0.75k x1000
(©)
M1: Correct method of partial fractions leading to values for 4 and B
Al: Correct Aor B
4 2 2 ; :
Al: -=— - Correct partial fractions not just correct values but award 1f
6x—x" 3x 3(6-x)
correct fractions are seen subsequently.
) 4 . Ml | 3la
—— dx = d}.‘:}Ehn'—ghl[__ﬁ—x):r{ﬂ_} AL 1.1b
oo
r:0.3'=4¢c=(€h11] M1 34
2 2 . 2 7 x 3
}'ln.r— 3111{6—.1‘__}=I+ 3h12:>1u o T =
: _ Nex) 2 M1 2.1
= x+2xe” =12¢’
e
S Al* | LIb
142e°
(5
(e) 6000 Bl 3.4
(1)
(12 marks)




(d)
M1: Correct attempt at integration using Ins. Look for alnx+ Bln(6—x)=t(+c)

Alft: Correct integration ft on their values for 4 and B. No requirement for + ¢ here.
» o
Note that %l’[l 3x—=In3(6—x)=#(+c) is also correct.
e X

dM1: Correct method to find "¢" using =0 and x =4
dM1: Depends on the first method mark only.
For the key steps in making x the subject of the equation.
e Uses correct In work and proceeds to a form Inf(x) = ar

e Uses e as the inverse function to In and cross multiplies (o0.€) to get both x terms on the
same side of the equation
e Requires a constant of integration that may or may not have been evaluated.

3
7

’ : 3 12¢
A1%: Correct processing leading to the given answer x = 3
St
1+2e”

Note that 2™ and 3™ method marks may be awarded in the reverse order e.g.
2 7 2 X 3t
§h1x_§h1{6_3‘):r+c:>§hl.5_x =F-:'-C:>1116_I =?+k

X 3 3 = t‘iffIE‘%r
== =de” =>x=64e —xde =D>x= .
6—x =S
1+ 4e”

64 12¢*

d=— =2 4=2=x= *
1+4 =
1+2e”

(e)
B1l: 6000 oe e.g. 6 thousand

(Q15 9MA0O/02/M, June 2025)

Q17.



dr dr
‘;—V=o_45—iV
:dV 10 o
20— =9—6V*
dr
(2)
i & 1 1
Bp g i & Bl
9-6V dt 20 96V 20
] —>._.]11|9—6V| Ml
90— 6V
1 t
——Inf9-6V|=— (+c) Al
6 20 '
Linjo—er|=_" 1 t
——ln|9— |—T+‘" ——In[9—6V|=—+c
6 20 6 20
e g dM1
9—6V =Ade ! r=0.V=o.25:>c=j——1n7.5
t=0,V=025=4=(7.5) . 6
1 1 t
—In75--lf9-6V|=—
3 6 6 20
9—6V =T75e 10 5
in 22 g5
_ % 9—6V Al
=D B 96V =7.5¢"*
2 4
2 3 5 e
V=___E—U.J.
3 .

&)




Notes

(a)
M1:

Al*:

Marks for part (a) may not be scored in part (b)

Either d;V=O_45 or d—y_*DEIfoe eg . X or d—V=iiV seen or implied by
dr dr dt 20 dr 10

eg. o =045 —iV (but not implied by just stating the given answer). Condone use of 1

dt
.. O dv
It may be seen as part of their e eg. e 0.45+¥ + 0.3V scores M1AO*

Condone e.g. change in volume = (inflow — outflow =) 0.45 — 0.3¥ for this mark.

Achieves 20 o =9—6F with no errors, following ol =045 B Vo.e. (including the oF
dr dr 10 dr

or ¥ but note that it must be (;—I: in the final line and not ¥ b1

: dv
change in volume =045 - 03F — EOd— =9—6F scores M1AQ#.
I

Ignore any units used 1n their working for both marks.

(b)
Bl:

M1:

Al:

dM1:

Separates the variables correctly, e g_. J dv = f—da‘ or dV I {1}dr oe.

-6V
The mtegral symbol and/or d¥ and/or df may be implied if they go on to mtegmte both sides
to the correct form ...In ‘a’(Q —6Vj| =_.t (+c) with or without the modulus brackets.

Attempts to integrate the reciprocal term % — . _]_11‘9— EV‘ or . _]11|af{5]7 —9)‘ for

: 20
some constant £ (and a 1f used). Condone e.g. o —...In9-6F or —»...In6F -9

Correct integration for both sides. They do not need the + ¢ for this mark.
Note scormg this mark implies the earlier B1 (unless 1t 1s a verification attempt — see SC).

Note thate.g. —%ln|3—2V| =% (+c) or —?lnp?'—?" =t (+c) are also correct.

1 t :
——In(9-6F)=— (+c) is also correct.
6 o 20

Condone log being used 1n place of In.

Requires constant of integration now. Substitutes (or states) =0 and = 0.25 and finds a
value for ¢, which may be “.4” = e° if they rearrange first to elinunate In terms.

Dependent on the previous method mark.

Do not be concerned about their processing to find ¢ or “4” = e and does not need to be exact.




_ . 3 5 -X .

Al:  Achieves the required formeg ¥V = ;—Ee 1% with no errors and clear working.

Allow equivalent fractions or decimals eg. ¥ =15-1 25¢ ©
SC:  Attempts by verification may score maximum BOMIAIdAMI1AO — see below.
Alt:  Use of an integrating factor — see below.
(b) Special Case: Attempts by verification may score maximum BOMIA1dMIA0Q
B0:  This mark may not be scored via this approach.

. : dv : :

M1: Differentiates ¥ = P—Qe ™ to the form e ae” " where a 1s a constant (note it should be

dv e : . T

T Oke™") and substifutes both this and ¥ = P-0e™" mto ZDE =9—6F and deduces

t i

a value for P or k by comparing coefficients.
Al:  Correct values for both P and k.
dM1: Substitutes (or states) r =0 and "= 0.25 and finds a value for Q.

Requures a value for P to have been found using the above approach.
A0:  This mark may not be scored via this approach.

Alternative: Using Integrating Factor (Further Maths)
Bl:  Deduces the correct integrating factor for the equation, e*

: dV 3ar ;
This should come from d_+ 03V =045=1F.= eI L
t
. . . d (Veoil ]

May be implied by sight of 5
MI1: Fully multiplies through by their integrating factor and integrates both sides.

Score for Ve® = [,..e”dz =__e" Condone missing dr
Al:  Correct integration Ve’ = J0_4Se°'3'dr = ™ (+c)
dM1: Asmam scheme.
Al:  As main scheme.




() Examples:
dv - .
(D == 0=V =(1.5) (ore.g. max ¥is 1.5)
(2)Ast—mo, e " 50 (or ¥ — “1.57)
(3) Flow in = flow out at max Fso 03F =045=F =15
A As T il e ST
dv

(5) When ¥ >15, ——-<0 i i

out

dv . :
6) ¥=2= o —0.15 or compares (=0.6) against
t

dv,
dr

(D ¥ =2>"1 5= 35% =05 h

(8) "1.5"—"125"" " = 2 = In(—0 4) 1s undefined (condone eg
oives a maths error)

e The (upper) limit for ¥is 1.5 (m®) so no (the container will
not become full) (first 4 bullets)

e If V=2 (or > 1.5), it would be emptying so no (it can never

(=045) at V=2

” .
be full) (bullets 5. 6) | e
e No, as the equation cannot be solved (or 1s not true/doesn’t
work) when V=2 (bullets 7. 8)
@)
(9 marks)

Notes

(e)

M1:  See main scheme. If using the answer to part (b) it must be of the form ¥ = P—Qe™ but there
1s no limitation on the values of their P, Q or k.
Substitution of a large value for  may score this mark but it 15 unlikely to be recovered to
score the Al unless they reference e.g. Finax being “1.57.
Reference to an (upper) limut of “1.5” or their P can imply the method mark.
If setting "= 2 1in their equation they must reach either In(—ve) or solve the equation to reach
a value for ¢ fo score this mark.

Alft: Must conclude “no” or equivalent e g “the contamer will not become full”.
Makes a correct interpretation for their method (see bullets 1-8) with a clear conclusion e g.
LLuoj"-
To score this mark through ft, their ¥ must be of the form ¥ = P— Qe™ with k>0, 0> 0

and 0 < P < 2 if used (but note that they can still use the answer to part (a) to score both marks
via bullets 1, 3, 5 or 6). Allow “1t” n place of the “container”/“tank™.

Just stating “the equation cannot be solved when 7= 2" without any evidence 1s MOAO.

There must be no incorrect working if solving their equation or contradictory statements such
as "f cannot be negative" but condone notational errors provided the intention is clear.

(Q10 9MA0/02, June 2025)
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Question Scheme Marks AOs
(24 _sexvs_13 3% 3 M| 11p
e 4.x T 4fx 4 2 Al 11b
3 1 5 3 1 dM1 jla
I 3" 3 F+’? —wd 1 7 ‘:+4_§ s
j E.l E x “dx _—01 X X { c) Al 11b
Deduces limits of integral are 2 and 4 and applies to their

1 % % % M1 22a

ﬁl —-X +4x

32 b
(E—sw] [Sr vf+MJ=———r
12 16 16 12 M H
Area R =7 -— [ "J_ l
5 5
(6)
(6 marks)
Notes:
. (x-2)(x-4) _
M1: Correct attempt to write ————=—— as a sum of terms with indices.
4x
ol e
Look for at least two different terms with the correct index e.g. two of ‘cz it L o * which have

come from the correct places.

[
ul.—a

st s G 1
The correct indices may be implied later when e.g. \/x becomes x~ or T becomes x
X
3 1 1
x +2x ~ which can be left unsimplified e g. Ex —5X —X +2

ra| s

)

I-Jl-—'
|a|—
|J|.—:
| -
.,IH

X -

| =
ra | W

I.Jl [

1 1
]_ 3 ]
orase.g. Z‘ —6x" +8x ]

-

r.gl vt

3 1
“or — becomes x

The correct indices may be implied later when e.g. JX becomes x

| ¥ e
dM1: Integrates x" —> x" for at least 2 correct indices
1 1

3 =

i atleast2of X' >Xx, X"3X ;. XX

(1]
(=1
ra] e
ra] =

It 1s dependent upon the first M so at least two terms must have had a correct index.

5 l 3 1 1 1
3 ’)—-v-] 1 27.-] 27-*1 3

1
Alzﬁ.\' sy (+C) Allow unsimplified e.g. ZXEX —EXE.T' —E.T' +2x2x
if2 3 |
orase.g. E ET —4x” +16x" |(+0).

I.JI [

5

ral e
[

u| n
IJl L
|.J|>—-

g i
M1: Substitutes the limits 4 and 2 to their E.\ —x~ +4x and subtracts either way round.

There 1s no requirement to evaluate but 4 and 2 must be substituted either way round with

evidence of subtraction. condoning omission of brackets.
5 3 1 5

1 1 3
E.g. condone Exﬁl —4* 1 4x4? _E X2 =27 +4x2

This 15 an independent mark but the limits must be applied to an expression that 1s not v so they
may even have differentiated.

Al: Correct working shown leading to %ﬁ —?but also allow %—1—“\/— or exact eqmvalents

Award this mark once one of these forms 1s reached and 1sw



Integration by parts:

1
I—[‘ 41; Y e I (x=2)(x—4)x 7 F(x-2)(x-4)2" —I%(_h‘—ﬁ]x]dx 1{11 HE
1 3 I T P
E[‘{—Z]{t—-’-‘)‘( —J.—EI:QI—G_}I_ dx =E(_x—2}{x—4}x' —J.I_ —3x"dx
) aw . @ dM1 31a
=—{x—?}(t— 4)x'-2x’ 420’ Al 1.1b
1 3 5
1, . 3; il A2 4 3
Oreg. =E(x—2](x-4)x —3* (7x—6}+ﬁx
Deduces limits of integral are 2 and 4 and applies to their
1 13 4 3 M1 s
T(I—z)(l'—-d-)x;—EI;{2I—6}+—I;
16 128 [ 4
o
o e 7 1‘0 3 ]
Vl = Al 2.1
Area R :-“J.__ [ “\,-‘_
5 s
(6)

Notes:

1 1
M1: Applies integration by parts and reaches the form | x— (r 4)x +J. p'Jr+qi)Jc2 deoa.p=0

1 1
oceg a‘[.r— —6x+8]r2 ij[px+q)x: dca p=0

Al: Correct first application of parts in any form

ul —

dM]1: Attempts thewr j( px+g)x" drby expanding and integrating or may attempt parts again.

[T

ul i

ul (]
nl -

1 i y 1
Eg I(Zx—ﬁ}xszr:f[Qi —6x ]d1'=...ore.g. J.(;?x—ﬁ}xzdx:%x (2x—6)- 4  dx

hS

. 1 - . =
If they expand then at least one term requires x' —> x or if parts is attempted again. the structure

must be correct.

Al: Fully correct integration in any form

L

. i e .
M1: Substitutes the limits 4 and 2 to their :%(x —2)(_1;—4)1’ 3% 42y  and subtracts

3

[ =

etther way round. There 1s no requirement to evaluate but 4 and 2 must be substituted either way

round with evidence of subtraction. condoning omission of brackets.

16 128 4 16
E g condone 0—?+F— §ﬁ+ﬁﬁ
This 1s an independent mark but the limits must be applied to a “changed”™ function.
Al: Correct working shown leading to %ﬁ —Ebut also allow %—% 2 or exact equivalents

Attempts at integration by parts “the other way round” should be sent to review.



Integration by substitution example:

/ 2 M — u =2 ||u —-t»
u=vx(x=u|= At | Ak [ l: j &
| / 44x Au du M1 L1b
{HE—EHHNE—#I] Al 1.1b
5 \ AY L o
= o 2udu
W 3 -
=%J.[.n4—6u2+8)du=é[%—6%+8u ]{+c} diil ?iz
Deduces limits of integral are /2 and 2 and applies to their
1 r--uS 61{3 ) M1 22a
® B
\
32
%['?—16+15—{£—4f+8fn
g : Al &
Area R =%v{:—? [ —— \.’_
(6)
Notes:
(e:2 —2]{::2 —4] dx
M1: Applies the substitution e.g. ¥ =+/X and attempts k | —————— —du

u du

Al: Fully correct integral in terms of # in any form e g. I[u —2][:3 _4}@

. a1 5
dM1: Expands the bracket and integrates u' —>u" for at least 2 correct indices

2 4 5 2 3
ie atleast2of 4 —u , u -u, k—>ku

Al: é %—6%+ Su [+c] Allow unsimplified.
MI1: Substitutes the limits 2 and v/'2 to their ; % = 6%+ 8u |and subtracts either way round.
\ /

There is no requirement to evaluate but 2 and /2 must be substituted either way round with

evidence of subtraction. condoning omission of brackets.

132 4( ]

E.g. condone 5‘ ?—16+

Alternatively reverses the substitution and applies the limits 4 and 2 with the same conditions.

Al: Correct working shown leading to I%ﬁ —?bur also allow ?—% 2 or exact equivalents

Award this mark once one of these forms 1s reached and 1sw.

There may he other substitutions seen and the same marking principles apply.

(Q08 9MA0/02, June 2022)



Q19.

Question Scheme Marks | AOs
C:y=xlnx; /is anormal to Cat Ple, e)
Letx, be the x-coordinate of where / cuts the x-axis
i =
Y ql¢ {=1+Inx} = =
dx X Al 1.1b
x=e,mp=2= my =—% =>,1-‘—e=—%(x—e)
i - - M1 31a
J-‘=0:>-e=-:(.1'—e):>x=...

I meets x-axis at x =3e (allow x=2e+elne) Al 1.1b

{Areas:} either | xlnxde = | .. ]]e =.. or %((their x,) —e)e Ml 2.1
l xInxdx = | L% llil'fch‘ Ml 21

1 ] = S =
.45 Lol da . dis dM1 | L1b
| zr In x 2..1 -,‘dr_,-j = 21 Inx X Al 116
1 :
Area =| xlnxdy =[ .. [ = .. : Area(R,) =—((their x,) —e)e
@-[ [ 1= Ama@®)=(@eirx)-e | |
and so, Area(R) = Area(R,) + Area(R,) {=1e'+1+¢'}

Area(R)=de+ L Al 1.1b

(10)




Notes for Question
MI1: Differentiates by using the product mle to give Inx + x(their g'(x)). where g(x)= Inx
Al: Correct differentiation of ¥ =xInx, which can be un-simplified or simplified
M1: Complete strategy to find the x coordinate where their normal to € at P(e. e) meets the x-axis
1e Sets y=0m y—e=my(x—e)to find x=...
Note: | My 1s found by using calculus and My, =y
Al: ! meets x-axis at x = 3e, allowing un-simplified values for x such as x=2e +elne
Note: | Allow x=awrt 8.15
M1: Scored for either
1]
e Areaunder curve = [ xlnxdr = [ ]: = _...with linuts of e and 1 and some attempt to
J1
substitute these and subtract
: 1 4 : :
* or Area under line = ;{(thmr x,) —e)e. with a valid attempt to find ¥,
M1 Integration by parts the correct way around to give Ax” Inx— J‘B = I{d’-’}; A=0,B>0
R
dM]1: | dependent on the previous M mark
Integrates the second term to give +ix”; i =0
Al: lemx-1p
2 4
MI1: Complete strategy of finding the area of R by finding the sum of two key areas. See scheme.
Al: ¢+
Note: | Area(R,) can also be found by integrating the line / between limits of e and their ¥,
their x,
. ; 1 " 3. . ythesr x,
ie. Area(R,)= l—:x —;e]dx =l =
1 2 2
Note: Calculator approach with no algebra, differentiation or integration seen:
¢ Finding / cuts through the x-axis at awrt 8.15 1s 224 M1 278 A1
» Finding area between curve and the x-axis between x=1 and x=e
to give awrt 2.10 1s 3™ M1
* Using the above information (must be seen) to apply
Area(R) =2.0972...+ 7.3890... = 9.4862... is final M1
Therefore. a maxinmm of 4 marks out of the 10 available.

Q20.

(Q13 9MA0/02, June 2018)



Question Scheme Marks | AOs
(a) L oc :L1 or £=J_r£3 (for k or a numerical k) M1 33
dr r dt r
Ii'zerJikd? = ..  (forkoranumericalk) | M1 8 !
15
Er =tk {+c} Al 1.1b
t=0.r=5and r=4,r=3 t=0,r=5 and t=240,r=3
. K g 49 195 13 49 125 Ml 3.1a
gives —r =——1+—, gIves —jp =———f + —,
3 6 3 360 3
where r, in mm. 1s the radius where r. in mum_ 1s the radms
{of the mint} and 7, in nunutes, 1s | {of the nunt} and ¢, m seconds, 1s Al 11b
the time from when it {the mint} the time from when 1t {the mint} :
was placed in the mouth was placed 1 the mouth
(5
’ 49 125 .
(b) r=0:?0=_?f—T:} =—49f+250 = t=.. M1 34
fime = 5 nunutes 6 seconds Al 1.1b
i _ 2)
(<) Suggests a suitable limitation of the model. E g
+ Model does not consider how the nunt 1s sucked
* Model does not consider whether the nunt is bitten
* Model 1s limited for times up to 5 minutes 6 seconds, o.e.
* Not valid for times greater than 5 munutes 6 seconds, o.e.
* Mint may not retain the shape of a sphere (or have umiform Bl 3.5
radius) as 1t 1s being sucked :
¢ The model indicates that the radius of the mint 1s negative after
1t dissolves
* Model does not consider the temperature 1n the mouth
+ Model does not consider rate of saliva production
Mint could be swallowed before 1t dissolves i the mouth
(8Y)]

(8 marks)




Notes for Question

(a)
MI: Translates the description of the model into mathematics. See scheme.
M1: Separates the variables of their differential equation which 1s in the form % = f{7) and some

attempt at integration. (e_g. attempts fo integrate at least one side).

eg. [?'2 dr= [ikdf and some attempt at integration.

Condone the lack of integral signs

= : 7 1
Note: | You can imply the M1 mark for rdr =—kdr = E?'i =—kt

Note: | A numencal value of & (e.g. k==1) is allowed for the first two M marks

Al: Correct integration to give Erj = =kt with or without a constant of integration. ¢

MI1: For a complete process of using the boundary conditions to find both their unknown constants
and finds an equation linking  and ¢
So applies either
e (=0,r=5andt=4.r=3, or
o (=0,r=5and t=240,r=3,
on their integrated equation to find thewr constants & and ¢ and obtains an equation linkang » and ¢
Al: Correct equation, with vaniables r and ¢ fully defined mcluding correct reference to umts.
15 49 125 : . : 2 ] 3
. 5?" =- Ff o {or an equivalent equation.} where 7, i1n mm_ 1s the radius {of the munt}
and 7, in minutes. 1s the time from when it {the mint} was placed in the mouth
| 49 125 : : ) : 3
+ 5 i %? + 5 {or an equivalent equation,} where 7, in mm. 1s the radius {of the
munt} and 7, in seconds. 1s the time from when 1t {the munt} was placed in the mouth
Note: Allow correct equations such as

s "’_ = 250 -2
* 10 nunutes, ;-=3M i ;-3=_£r+125 or f= 25027
2 2 49
s 5 e —_ 170
+ inseconds. ;-=:M | r"'=—£:+125 L i‘=15|30'|3' 1207
1o 120 °

Naote: t defined as “the time from the start™ 1s not sufficient for the final Al

(b)

MI1: Sets #=0 i their part (a) equation which links » with ¢ and rearranges to make 7=_..

Al: 5 munutes 6 seconds cao (Note: 3006 seconds with no reference to 5 nunutes 6 seconds 15 AQ)
Nate: | Give MO if their equation would solve to give a negative time or a negative time 1s found
Note: | You can mark part (a) and part (b) together

()

Bl: See scheme

Note: | Do not accept by itself
* munt may not dissolve at a constant rate

+ rate of decrease of nunt must be constant
>

e (0=t<

. ¥ 2 0; without any written explanation

* reference to a munt having r =5

(Q10 9MA0/02, June 2018)
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Question Scheme Marks AOs
(a) y=x(x+2)(x—4)=x"-2x" —8x Bl 1.1b
3 2 o 2y 2
x'—2x" —8xdx —>1x -3 —4x M1 1.1b
0
Attempts area using the correct strategy J. ydx dM1 2.2a
e B s o5 e 00 - 20
—x' ==X —axt | =(0)—| 4—— —16) =l Al* 2.1
4 3 5 \ > i 3
4)
(b) 1 2. 2 20
For setting 'their’ EF —?b’ —4b = iT M1 1.1b
For correctly deducing that 3b* —8b° —48b° +80=0 Al 22a
Attempts to factonise
4 3 2 : _ s M1 1.1b
3b" —8b" —48b" £80= [.b—i-l)(b—%2}(35'...5...20)
Achieves (b+ 2)2 (352 —20b+ 20\‘] = 0 with no errors Al* 21
C))
(<)
States that between x=—2
- Bl 1.1b
and x =5.442 the area
above the x-axis = area
: Bl 24
below the x -axis
2
(10 marks)
(a)

Bl: Expands x(x+2)(x-4)to x* —2x —8x

M1: Correct attempt at integration of their cubic seen in at least two terms.

& r + .
Look for an expansion to a cubic and x" — x"" seen at least twice

dM1: For a correct strategy to find the area of R,

It is dependent upon the previous M and requires a substitution of -2 into t their integrated function.

(They may be in a different order)

Vg 3 ] 20
The limit of () may not be seen. Condone [— X —4,\:":| = — oe for this mark

33

3




Al*: For a rigorous argument leading to area of R) = % For this to be awarded the integration must be correct

and the limits must be the correct way around and embedded or calculated values must be seen.
16 1 2 2 20
Eg. Look for —(4 3 —16) or _(E(_2)1 - E(—Z}J -4(-2) )DE before you see the T
Note: It is possible to do this integration by parts.
(b)
e il Roes amer 00 o T p 18 T
MI: For setting their —b" —=b"—4b" =*— or [—x'-Zx'—4x" | =0
Oreciing el 5 3 ¥ [43: 7Y 4 5
Al: Deduces that 35" —8b" —48b" +80 = 0. Terms may be in a different order but expect integer coefficients.
Ve 2.5 2 20
It must have followed—b" —=b" —4b" =—— oe.
S 3 3 o
) . 2.5 » 20 . .
Do not award this mark for Eb _ib —4b +T = () unless they attempt the second part of this question

by expansion and then divide the resulting expanded expression by 12
MI1: Attempts to factorise 3b* —8b" —48h* +80 = (b +2)(b+ 2)(3b°...5...20) via repeated division or

inspection. FY1 3b* —8b* —48b* +80 = (b+2) (3b° —14b° —20b+40) Allow an attempt via inspection

3b' —8b* —48h* £80 = (b‘j' +4b+ 4) (3b°..5...20) but do not allow candidates to just write out
3b* —8h° —48h* +80 = (b + ,'Z)2 (3b” —20b + 20) which is really just copying out the given answer.
Alternatively attempts to expand (b + 2)2 (3:52 —20b+ 2{}) achieving terms of a quartic expression
Al*: Correctly reaches (b+ 2}2 [352 —20b+ 20] = () with no errors and must have =0
In the alternative obtains both equations in the same form and states that they are same. Allow v QED

etc here.

(c) Please watch for candidates who answer this on Figure 2 which is fine
B1: Sketches the curve and a vertical line to the right of 4 (x = 5.442 may not be labelled.)

B1: Explains that (between x =—2 and x = 5.442 ) the area above the x-axis = area below the x -axis with
appropriate areas shaded or labelled.

Alternatively states that the area between 1.225 and 4 is the same as the area between 4 and 5.442
20

Another correct statement is that the net area between 0 and 5.442 is ——

Look carefully at what is written. There are many correct statements/ deductions.
Eg. " (area between 0 and 4) - (area between 4 and 5.442) = 20/3". Diagram below for your information.

R, =36.03

R, =36.03

(Q08 9MA0/01, June 2019)



Q22.

Question Scheme Marks | AOs
a 3 A B
(@) = g B0 g g M1 1.1b
2x-D(x+1) 2x-1 x+1
Either A=2 or B=-1 Al 1.1b
- . Al 1.1b
Cx-D(x+1) 2x-1 x+1 ’
3)
(b) 1 3
—dVr= — Bl 1.1a
14 e—D(r+1)
2 1 . o
———di=_In(2t-1)—_In(r+1)(+c) M1 31a
2r—1 t+1 : :
InV =In(2t-1)~In(t+1)(+¢) Alft 1.1b
Substitutes t =2V =3=c=(In3) M1 34
In¥ =In(2¢t-1)—In(t+1)+In3
3(2t-1) , Al* 21
T (t+1)
)
(b) Alternative separation of variables:
Ld": _;df B1 1.1a
£14 Qt-DE+1D
1 2 1 » . ;
— ———dt=_1In(2¢-1)—_In(f+1)(+c) M1 31a
3) -1 t+1 :
1 N A W
?].uBIf =?h1{_.-_r—l]—3]n[f+1)(+c_) Alft 1.1b
Substitutes r=2FV =3=c= %hﬁl M1 34
1 | o U]
—InF==In(2t-1)—=In(t+1)+=In3
“ma e e B e B i S
VZB(II—I) 2
(t+1)
(3
(c) (1) 30 (minutes) Bl 32a
(&) 6 () Bl | 34
2

(10 marks)

Notes:




(a)

M]1: Correct method of partial fractions leading to values for their 4 and B

3 __4
x—-D(x+D) 2x-1 x+1
3 A

= +
(2x-D(x+1) 2x-1 =x+1
3 __4 B
2x-D(x+1) 2x-1 x+1

E.g. substitution: =3=A(x+1)+B(2x-1)=>A=.. . B=_..

Or compare coefficients =3=x(A+2B)+4A-B=>4=._,B=_.

Note that

=3=A4A2x-1)+B(x+1)= 4=___B=__ scores M0

Al: Correct value for “A™ or “B”

2 1 2 -1
Al: Correct partial fractions not just values for “4™ and “B". ——— ore.g. —_—
2x-1 x+1 2x-1 x+1
Must be seen as fractions but if not stated here. allow if the correct fractions appear later.
(b)
. : 1 3 G0 e
B1: Separates vanables —dV=| ———— dr. May be implied by later work.
V (2t =1)(r+1)

Condone omission of the integral signs but the dV and dr must be in the correct positions 1f
awarding this mark in isolation but they may be implied by subsequent work.
M1: Correct attempt at integration of the partial fractions.

Look for ...In(2¢—1)+..In(#+1)where ... are constants.

Condone missing brackets around the (2 — 1) and/or the (¢t + 1) for this mark
Alft: Fully correct equation following through their 4 and B only.
No requirement for +¢ here.
The brackets around the (2t — 1) and/or the (¢t + 1) must be seen or implied for this mark
M1: Attempts to find "c" ore.g. “In k" using =2, V' =3 following an attempt at integration.
Condone poor algebra as long as t =2, V' =23 1s used to find a value of their constant.
Note that the constant may be found immediately after integrating or e_g. after the In’s have
been combined.
3(2r-1)

Al*: Correct processing leading to the given answer V' = (+1)



Alternative:

Bl: Separates variables J. %dV dr . May be implied by later work.

1
_J. 2r-1)(+1)
Condone omaission of the mtegral signs but the dV and df must be 1n the correct positions 1f
awarding this mark in 1solation but they may be implied by subsequent work.
M1: Correct attempt at integration of the partial fractions.

Look for ...In(2r—1)+..In(r+1) where ... are constants.

Condone missing brackets around the (2f — 1) and/or the (¢ + 1) for this mark
Alft: Fully correct equation following through their 4 and B only.
No requirement for +¢ here.
The brackets around the (21 — 1) and/or the (¢t + 1) must be seen or implied for this mark
M1: Attempts to find "c" oreg “In k" using t =2, VV =3 following an attempt at integration.

Condone poor algebra as long as t =2, V' =3 1s used to find a value of their constant.

Note that the constant may be found immediately after integrating or e g_ after the In’s have
been combined.

3(2¢-1]
Al*: Correct processing leading to the given answer V' = ﬁ
(INote the working may look like this:
1 1 S 1 1 o A 1
— — 2 — _— Py = _—— - L,
3.1r13]7 31n[._r 1) 3111(1‘+1_}+C, 31119 3111[3_] 3]113+c, c 3ln9
9(2r-1 o(2r-1 3{2r-1
1113V=]11(.—]:> = ( )::v = ( }*)
(r+1) (1+1) (£+1)

Nate that BOM1AIMI1AIL is not possible in (b) as the Bl must be implied if all the other marks
have been awarded.
Note also that some candidates may use different vanables m (b) e.g.

dy 3y

de  (2x-1)(x+1)
equivalent work but they must revert to the given variables at the end to score the final mark.
Alsoife g a “t becomes an “x~ within their working but 1s recovered allow full marks.

=5 ld}-‘ 5 A dx etc. In such cases you should award marks for
L (2x-1)(x+1)

(c)

B1: Deduces 30 mmutes. Units not required so just look for 30 but allow equivalents e.g. % an hour.
If units are given they must be correct so do not allow e.g. 30 hours.

B1: Deduces 6 m’. Units not required so just look for 6. Condone V<601 V<6
If units are given they must be correct so do not allow e.g. 6 m.

(Q14 9MA0/02, June 2022)
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Question Scheme Marks AOs
(a) 63 3 63
lim E —dx= —dx B1 12
dx—0 X ., X
=21 ]
e}
) = [2mmx] =2n63-2m2.1 M1 11b
=In9 Cso Al 1.1b
(2)
(3 marks)
Notes:

Mark (a) and (b) as one

(@)

Bl:

(b)

MI1:

Al:

Q24.

6.3 = 6.3 :
States that J‘ = dx or equivalent such as :J' X dXbut must include the limits and the dx.
53 Lo 21

Condone dx <> 8x as it 1s very difficult to tell one from another sometimes

1 i, :
Know that I— dr = In x and attempts to apply the limits (either way around)
x

> 2
Condone [:dx = plnx (including p = 1) or I:dr = plngx as long as the limits are applied.
x X

b 3 ) 2
Also be aware that I; dx=lnx . j; dx = E.In‘x‘ +¢ and I: dx = 2lnex o.e. are also correct
x X X

[p lnx]g: =pln63—pln2.1 is sufficient evidence to award this mark
CSO In 9 . Also answer = 1113: so £ =9 15 fine. Condone ln| 9|

The method mark must have been awarded. Do not accept answers such as lnﬂ

441

Note that solutions appearing from "rounded” decimal work when taking Ins should not score the
final mark. It 1s a "show that" question

=

Eg [2lnx]” =2In63-2n121=2197=lnk=k=e  =8998=9

(Q04 9MA0/01, June 2022)



Question Scheme Marks AOs

3'3|1+;1 B TR Ml | Llb
2] X|or EL 33{ [ ML | Lib
L3
: ) X T aapais 43
s R P s TR Al | 11b
{ 3) .3 2. 3
X " 2
el a=F el Al | 21
53 g9 21 27

“)

()
M1: Attempts a binomial expansion by taking out a factor of 37 or 3l or é and achieves at least the first 3
terms 1 their expansion. May be seen separately e.g. % and (1+..x+..x")
MI: A correct method to find either the x or the x* term unsimplified.
=
Award for (-2)(kx) or Ll Jc)’ where k# 1. Condone invisible brackets.

Al: For a correct unsimplified or simplified expansion of ‘ 1+ % l e.g. =l—(—2)|. l . 3)| 3 ]

2x

1- ? 1? —...Do not condone missing brackets unless they are implied by subsequent work.

Condone ] —% | for i% |
3

) -1
Also allow this mark for 2 correct simplified terms from % —;—'7 + :_?“-ith both method marks scored.

Al: 5 - 7 =X+ X cao Allow terms to be listed. Ignore any extra terms. Isw once a correct simplified answer

27
15 seen.
Direct expansion. if seen, should be marked as follows:
| -2 _ o | _21_2_1| -4 % |
I3+x) =3 -2x3F xx+——=x3 " xX"
| 21 |
MI: For (3+x) =32 +3% wax+37x Bx
MI1: A correct method to find either the x or the x° term unsimplified.
- SN =
Award for (-2)x37x or G )( = ) 3*x’_ Condone invisible brackets.
g : : : : ‘ - e ==2=0) g
Al: For a correct unsumplified or simplhified expansion of (3+x) eg 37 -2x37 wx+ = kT
P -

Also award for at least 2 correct simplified terms from ; - ;; + : with both method marks scored.
Al: E - 7; + :—7 cao Allow terms to be listed. Ignore any extra terms. Isw once a correct simplified

answer 1s seef.

Note that MOMIAIAO is a possible mark trait in either method




Nofe regarding a EOSSIB]G misread 1n parts (D) and (€]

Some candidates are misreading ) G ud v dx 1n parts (b) and (c) as

If parts (h) and (c) are consistentlv attempted with ' G
> xrr—]

marks n (b) onlv. M1 for x*

round (may be implied).
No marks are available in part (c)

MARK PARTS (b) and (c) TOGETHER

’.

6 }2 dx then we will allow the M

applied to their expansion in part (a) or 6« (their
expansion in part (a)) and dM]1 for substituting m 0.4 and 0.2 and subtracting either way

(34

Jrjl2

(b) [ I3 2x o) ‘ e Ax’ Sxt)
GexY—=—a—Pdr= || -3 di= -
' s 5 n l EREEEY i e L
' 21’_4:1(1 +2x3 ‘dx X _-h x‘t - A1 1.1b
NEER el ’ '
Lo T (04 404y L0402 4027 0")
[—3“37 18} e o R H 3w .l RIS | Sk
223
=awrt 0.03304 or —— Al 1.1b
6750
)

(b)

Ignore e.g. spurious integral signs.
Al: Correct mntegration, sumplified or unsimplified.

oo xt

———+—pceg = 3Ix"—
3 27 18 o
If they have extra terms they can be 1ignored.

Ignore e.g. spurious integral signs.
dM1: An overall problem-solving mark for

* using part (a) by integrating 6x

This could be e.g. [£(x)]""
223

Isw following a correct answer.

Also note that the actual value 15 0.032865._.

Al: awrt 0.03304 (NB allow the exact value which 1s e

47

2 I

M1: Attempts to multiply their expansion from part (a) by 6x or just x and attempts to imtegrate. Condone

copying slips and slips in expanding. Look for x" — x™" at least once having multiplied by 6x or x.

4
X

+
108 )

2x°

' 5 81

|18

« their binonual expansion and

» substituting in 0.4 and 0.2 and subtracting either way round (may be implied)
For evidence of using the correct limits we do not expect examiners to check so allow this mark 1f they
obtain a value with (mimmal) evidence of the use of the limits 0.4 and 0.2.

= ... provided the first M was scored. If the integration was correct, evidence can
be taken from answer of awrt 0.0330 1f linuts are not seen elsewhere. Depends on the first M mark.

=0.033037037...).

Note answers which use additional terms 1n the expansion to give a different approximation score A0




Some may use mtegration by parts in (b) and the following scheme should be apphed.
Integration bv parts in

1 - dv " 1 - ;
Either by taking u - 6x and hua l LI LAY ‘
&« |9 27 27/

{ A B S f 2 3
6x x"| S l "dx = 6x —1—"—+" 1—6 'l Wt Mol
J \9 27 27) 9 ZFi8l 9.~ 27 81)

e o L L g ' et
=6x| —x——+— l—x'— -
2 27 81LF\3 27 324
M1: A full attempt at integration by parts. This requires:
Il ; 1

2 10
‘ 6" 5-%4,;_7 |"d = e f(x)— k[ £(x)dv=hoxf (x)-kg(x)

Where f{x) is an attempt to integrate their expansion from (a) with x" —> x™" at least once
n+l

and g(x) 1s an attempt to integrate their f{x) with x" —» x"" at least once
Al: Fully comrect integration. Then dMI1A1 as in the main scheme

( 2x  x*) ;
Or by taking u—"'l St mdi—ﬁx
& 37 dv
Ix X e b s T 2 9
Gx x" l-‘—l+"— "d =3x° 2 L.—l Pl 2
9 2021 “Lw oo ] 2721
y (1. 2x o2} f(&d & i dx ) f&f &)
—wix| oo || - ldx—h | — e e
5 327 S22 |9 27 27) 1108 81 )
MI: A full attempt at integration by parts. This requires:
. 4
6.1'-:"[%——7- ldx—kx"fmi k|12|ﬂd‘t—h"f|1 —khx)
Where f{x) 1s their expansion from (a) and g(x) 1s an attempt to differentiate their f{x) with

x" > ¥ at least once and h(x) is an attempt to integrate their x’g(x) with x" > x™" at

least once

Al: Fully correct integration. Then dM1A] as in the main scheme

!lﬁ 136

(c) Overall problem-solving mark (see notes) M1 3.1a
n3d a3l
u—3 6 18
u=3+x= [ ) = | 3 - M1 | 11b
s 32 :‘ J32 M H
34 - aid
6(u—,3)du E Edu:ﬁlﬁ:ﬁlﬂu Al 1.1b
JI3z2 W Jiiu o uw
18 ]
[6lnu+18u" ] = 6m34+—1 '61113_ 13/ ddM1 | 11b
(17) 45
In| — | Al 2.1
16 ) 136
(5
(c) Overall problem-solving mark (see notes) M1 3la
Alel
[6x(@+x)7 N Ja+x7 ldr=—""+ In(3+x) oe M1 1.1b
3+x 3+x
= 6In(3+x)——>> oe Al | 11b
3+x
6(0.4 6(0.2)"
61n(3+(}4)— ( Ay | L6111(3 0")—3(01| ddN1 1.1b
el a1 | 21




(c) Overall problem-solving mark (see notes) M1 31a
Ale2 : :
6x(3+x) dr= || ——+_— — |dx=_In(3+x)+—— oe
[ T3+2)" '[". B3+x) (G+x) ] ! ¢ +\)+3+x - e
—6mB+0)+ > oe Al | Lib
3+x
610G+ 0.4)+—— || 610(3+02) + —— | =.. ddM1 | 11b
3+04) | 3+02
17} 45
= 2
116 l 136 - o =
(13 marks)
Notes

(c) There are various methods which can be used
MI1: An overall problem-solving mark for all of

M1: Integrates to achieve an expression of the required form for their chosen method

* using an approprate integration technique e g. substitution. by parts or partial fractions — note
that this may not be correct but mark positively if they have tried one of these approaches

¢ integrates one of their terms to a natural loganthm e g SL —bIn(3+x) or 2 L bmu
+X u
* substitutes in correct limits and subtracts either way round

. a 2 a
e substitution: u=x+3 >t —thlnuw oreg u=(x+3) >t—xblnu

u _Jz?_

condone missing brackets e.g. ..Inx+3 for . In(3+x)

o pin a2

+x

¢ partial fractions: zgin(3+x) i% condone missing brackets e.g. ..In3+x for _.In(3+x)
+X

Al: Correct integration for their method e g

® substitution: u=x+3 - 6lnu+18~" ore.g. u={.\'+3]2—>31nu+£

Ju

bx

J+x

e parts: 6In(3+x)—

8 . n 18
* partial fractions: 61In(3+x)+ - oeeg 3In(9+6x+x")+—

3+x 3+x

Note that the above terms may appear “separated” but must be correct with the correct signs.
{(1gnore any reference to a constant of integration)
Do not condone nussing brackets e.g. 61nx + 3 for 6In(3 + x) unless they are implied by later work.

ddM]1: Substitutes in the correct limits for their integral and subtracts either way round to find a value
Depends on both previous method marks.
For evidence of using the cormrect limuts we do not expect examiners to check so allow this mark if
they obtain a value with (minimal) evidence of the use of the appropnate linuts.

This could be e g. [f (x |:12j = provided both previous M marks were scored.

Note that for substitution they may revert back to 3 + x and so should be using 0.4 and 0.2

# 2 . [17Y) 45 : (289 45
Al: A full and ngorous argument leading to 6ln' — |- —— orexactequivalente.g. 3lnl - =
V16 136 \ 256/ 136
eg —ﬁinll L B
\17 /) 136

The brackets are not required around the E and allow exact equivalents e.g. allow 1.0625 or 1%

: 17
but note g 3_“ . The 143_5{3 must be exact or an exact equivalent. Also allow e g. ﬁhl‘ﬁ =

sl

45
136

Isnore spunious intesral siens that mav appear as part of their solution.

(Q13 9MA0/02, June 2023)



Q25.

Question Scheme Marks AOs
(a) (H =} 0.6e™ {+c] M1 1.1b
t=0H=15=15="06"+c
dM1 34
=c=0.9
= H=06e""+09 Al |
3)
(b) 12=06e"%+09=>0.6e¥ =0.3 M1 34
c—(J.Iz o l
2
1) dM1 1.1b
=t=-5n| - ’
\ 2/
{t =} 3hours 28 minutes Al 3 2a
(3)
(<) {As t gets large H —} 0.9 M1 31b
09mor 90 cm Alfi 2.2b
2)
(8 marks)
Notes
(a)
MI1: Attempts integration to achieve {H =} ke™ {+c} with k a numerical constant = - 0.12

dM1:

SC:

Note that we will condone k= (—0.2)(—0.12) {=0.024}

If they divide by —0.12 first before integrating they need aH =be ™™ {+c‘} with a and b
numerical and b = 1. Condone a spurious integral symbol remaiming after integration.
Uses t=0,H =1.5and a model of the form H =ke™ +¢ (or aH=be™ +¢) to find the

value of the constant ¢. They cannot just “make up™ a value for k.

Do not be concerned with their processing to find ¢ but they cannot just state B (or ¢) 1s 0.
25 o
For reference if they divide by —0.12 first they should reach —?H =—5e"¥_75 ge.

Correct complete equation in the required form: H = 0.6e™* +0.9 with the H = present.

: : 1.
May be awarded 1if seen at the start of (b) but not 1n (c). Condone — < in place of —0.2

Finding correct values for 4 and B 1s msufficient for this mark.

Allow exact equivalents but they must be in the required form.e.g. H = lie'“’ —15;

A minimally acceptable answer is {H =| 06" +c— H=06e""+09 score MIdMIAL.
. . L ) dH s . .

Note: sight of differentiating the given form to e.g. ? =-024e"" in their working

without clear evidence of integration of the original differential equation should be marked
using the special case below.

For candidates starting with the given answer H = Ae ™ + B itis possible to use
% =—-0.24e""" =—-0.12e™"" to deduce that A =0.6. This can be awarded SC M1dMO0AQ

If they go on to find B as in the main scheme then this can be awarded SC M1dMI1AO
Answer with no working scores 110.




Note: If the special case 1s applied they may go on to achieve the rest of the marks in (b) and (c).

(b) Note: 4 and B must be numbers but may be “made up™ if they did not have an answer to (a).
MIl: Uses H=12 in a model of the form H = Ae™™ + B, B # 0 and rearranges to make
Ae™* or €™ the subject. Condone slips in rearranging. e.g. dividing the LHS by 0.9

instead of subtracting 0.9 Rearranging first before substituting 1s acceptable but they must
getto Ae™ or e as the subject.
dM1: Correct use of In to make ¢ the subject. Requires 4 =0, 0< B <1.2 and e =150

If they had a negative value for 4 m part (a) they cannot just make 1t positive at this stage.
1 y : e
Anyof 5In2 or —5ln . A awrt 3.46 or awrt 3.47 following a correct equation will imply

M1dM1.
If they do not show their method for an incorrect H = 4e "~ +Bwith 4 >0, 0<B<12
yvou may need to check their value for = 0 as 1t may mmply M1dM]1.

Al: Correct time 1n hours and minutes {t =!3hours 28 minutes, but condone e.g. 3h 28m

Must come from correct values of 4 and B 1n (a).

Note: Iftheir B =0 then they should end up with r=—-3.46... however. they did not score the first
M1. They cannot “recover this by making it positive and finding ¢ = 3hours 28 minutes.

(c) Note that 0.9 or 0.9m must come from a correct value of B in (a) to score any marks.
MI1: Identifies the requirement to establish the limit as ¢ tends to infinity.
It can be implied by stating that H = 4e™* + B— Bor | lim[o_ﬁe*’-2r +0.9] =09
Stating “B” on 1ts own will score this mark.
Substituting a large value 1s M0 unless 1t leads to their value for B at which point the Al 1s
available as well.
Alft: Correct height including units. Follow through on their value of B where 0 < B < 1.2
Correct ft height including units implies M1A1 while e g 0.9 (no units) would imply M1AQ.

Evidence of an incorrect method such as 1.5—0.6e""% =0.9m scores MOAO.

Misreading as (LI;I =—0.12e"" can score a maximum (a) 110 (b) 100 (c) 10.

(Q07 9MAO/01, June 2024)
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Question Scheme Marks | AOs
States 4 lim ZJ?Jx ist j Jxdx Bl 12
-.;J\—":l - | 3
%3
= | =2 M1 1.1b
L3 J4
;2w MR g
o v LRV o I A6
3 3 3 3
38 2
=? or ].E.E or awrt12.7 Al 1.1b
3)
(3 marks)

Notes for Question 5

o
Bl: States j -J; dx with or without the 'dx'
MI: Integrates J; to give Ax?: A=0
Al: See scheme
Note: You can imply Bl for { Ax? i| or for Ax97 — 1x4?
L 3
e 3 F [
Naote: Give BO for J‘ -.j’: dr — -‘. J: dx or for j -JT dx without reference to a correct J. q‘? dx
1 1 3 4

z ” . : 38 2
Naote: Give Bl M1 Al for no working leading to a cormrect 5 or 12; or awrt127

] " ; 38 2
Note: Give B1 M1 Al for -.dez? or ]25 or awrt 12.7

4
. Fa.: T .
Nate: GveBlI Ml Alfor | —x*+¢ | =— or 12— or awrt127
|3 i 3 3

_ . . 38 2
Note: Give B1 M1 Al for no working followed by an answer 3 or IEE or awrt 12.7
Note: Give MO AO for use of a trapezium rule method to give an answer of awrt 12.7,

o
but allow B1 if j \;’; dx 1s seen 1n a trapezium rule method

Note: Otherwise, give BO MO0 AO for using the trapezium rule to give an answer of awrt 12.7




Notes for Question Continued

Alt

The following method 1s correct:

E_': 2?‘F‘|—§'

w

Zhis
z 1'.--;,l P
n 1 i - N
Area(4) = im )" (5 —x.)f(x) = Bm » ~ {247
iml i
i
\ n’

L]

dn 4
b [ n

i 2
n=wo | 1 — M ; e ) wh

- i
n—m | g 2n” 6n”

4 4n'+4n 24 +3n2+nj|
+ -

(1 L. gy -
a2 _|._. Fnn+D) | + ?| g1+ D@+ D) |}

g bt 1

=lm(4+2+—+-+—+—

1w n 3 2n 6n
g B
3 3

o
So, lim ZJ; Sx = Area(R) = (3x9) — (2 4)_§
ax—

8 2
=— or 12; or awrt 12.7

Q27.
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Question Scheme Marks AOs
3
(2x-7)2 M1 1.1b
J.ﬁx—? o Al 1.1b
Deduces one of;
S = Bl 22a
top limit 1s 16, bottom limut 15 — or area rectangle = 80
Deduces all three of ;
top limit 1s 16, bottom limit is % and area rectangle = 80 o e
Full strategy to find area R
= 16
1
o M M1 3.1a
3
1
2
Area R =8[}——l—§=1—1——5- Al 1.1b
3 3
(6)
(6 marks)

Notes:
3
Ml1: Attempts to integrate f2x— 7 to achieve k{ 2x- 7_}5

May be implied 1f a substitution1s usede.g. u =2x-7= j-JZ.r T =k’

3]
[31 gAY

2x—17, 1 : .
Al: .[\/2.1'— Tdx= (T} oreg. u where u =2x—7 which can be left unsimplified
B1: Deduces correct top limit, boftom limit or area of rectangle
B1: Deduces correct top limit, bottom limit and area of rectangle
M1: Fully correct strategy to find the area of R e.g. a correct unsimplified expression for area.
Follow through their integration but limits etc. must be correct.
115

_ 1
Al: = or exact equivalent. Allow 38.3 or 385 but not 38.3

Alt method (not on specification but may be seen):

: Sy'+7
Attempts ‘[ xdy= J. - 3 dy scores M1 Al Bl

1] o
3 ’
N E Ryl 8220 3 penmmm
R A

0

(QO8 9MA0/02/M, June 2025)



Q28.

Q29.

1 3
X e gy xRlian sFey ¥ Ml l.1a
S 6 2
Anyof —x" or ———x? or -3x
< 5 3 Al 1.1b
2
y 6 2
Anytwoof —x or ———x? or —3x
g 3 Al 1.1b
B
L 2
—x —4x* -3x+c¢ Al 1.1b
(4)
(4 marks)
Notes

Mi1:

Al:

Al:

Al:

For increasing any power by one. Score for x" — x™ in any term, including, -3 —...x

where ___ is a constant, but not for + ¢. Allow the indices to be unprocessed, e.g_, x**
One correct term which may be unsimplified and indices may be unprocessed.

1
ILX : for this mark. Not scored for + ¢
5
2
Two correct terms which may be unsimplified but indices must be processed.
Condone —3x* for this mark. Not scored for + ¢

cao Requires all terms simplified and + ¢
Ignore the LHS 1.e. ignore what they call their integral.

Condone e.g. —3x" or —

. E
Allow 0.2x° for %xs and —4»]? or —4/x or —4x\x or —4x** for —4x2
Do not allow —3x' for this mark.

Condone spurious integral signs e.g. J%xs —4x? —3x+c or dx left in their answer

ISW after a correct expression seen e g. if they multiply through by 5 or e.g. try to solve =0

3

s 2.
Do not allow e.g. = X +—-4x? +-3x+c
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b e 60
lim E e 51X = it (BX Bl 12
dx—0 \/? 144 \/.'4_'

x=144
1)
(b) h -7280 s
= [4Vx] , =4x17-4x12 M1 1.1b
=3 Alcso 1.1b
(2)
(3 marks)
Notes:
Mark (a) and (b) together
(a)
289, 289 1 289
B1l:  States that ——= dx or equivalent such as 2 x dx or2 x  dx but must
1.4 ﬁ 144 144

include the limits and the dx. Condone dx <> 8x as 1t 15 very difficult to tell one from
another sometimes.

(b)

1
M1: Uses dx = a/x or ax? (allow a to be 1) and applies the given limits to their

IL
Jx
ax? subtracting either way round. (Condone with the constant of integration included)
You do not need to be concerned by fractions within fractions as this 1s still of the

b | o

2x?

required form e.g. . Only condone transcription errors of 2.89 or 1.44 when

1
3
substituting the limits into the expression.

This mark can be scored for
1 1
2 2x2  2(2.89)? —2(1.44)?
eg. [4ﬂ]|i=4x\52,89—4x.#1_44 oreg. i (2.89) : (1.44)

i

b | =

May already be partially evaluated so allow e.g. ?—? o0.e. provided 1t 15 not just 2.

Al: 2cso
The method mark must have been awarded. Do not withhold this mark for poor notation or
e g. a mussing dx in their solution.
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Q30.

Question Scheme Marks AOs
- - Bl 33
de Afr -
(1)
k
09=—===k=36 Bl 34
Ji6
IJT- m-:j"as"dr:,,. M1 2.1
9.3
Zr2="36"t {+c Al 1.1b
3
t=10r=16=> 162 =3.6x10+c=c=.. dM1 34
P1=541410* snd 115
(3
—20= r=(5.4(20)+10)5 = M1 34
r=241cm Al 1.1b
(2)
(The model will not hold indefinitely as) the balloon may burst Bl 3.5b
1)
(9 marks)
Naotes
(a)
dr i dr !
Bl: Correctly sets up the model. — % —= scores Bl unless e.g. —=1+—= 15 seen but condone
dt  r dt  Afr
dr k ; ;
a =+ T being seen at the start of (b). They may use any letter except / or r 1n place of k.
5
You may see i =t——r . -\/_ which is acceptable provided it is clear that it is not the & root.
(b) Naote: candidates using —-= T in (b) can score maximum BOM1A1dMOAOD
. k =] ) dr |
Bl: k=36 coming from —=—= (or k =— coming from —= ) and from use of ¥ = 16 and
Jr 18 dr kr

E= 0.9 but note that this may occur later 1n their working. which 1s perfectly fine provided 1t 1s

from acceptable work. Note e g £ =—3.6 coming from —= —T 15 cofrect.
r
Note. however, that an attempt to find & from comparing coefficients between r2=1.5kt+c and
3

r* =54¢+10 1s not acceptable (see special case).
dr
They can also find & by differentiating their » = f{f) and substituting r = 10, = 16 and EZ 09

if they have also used ¢t = 10, » = 16 in their » = f{f). This sets up simultaneous equations where ¢
can be eliminated. Use Review if you are unsure if their approach 1s acceptable.




MI1: Separates the vanables for their differential equation correctly and attempts to integrate both
sides.

dr
Must be a differential equation of the form E-: f(#r) for some function f(7) independent of 7.
f

"

. % 1 . . ] . i
Evidence of " — ™. or e.g — — Inr is sufficient for their attempt to integrate in r, but

r
! dr- ik , dr 3 E
must be integrated to kfo.e. e.g. d—: —=>r—=k=Ar'=n {Tc} would score this mark.
| R o

Note that they may divide by k (or 3.6) prior to mtegrating. Here, 1 must be integrated to ¢.

Al: Correct integration for their k. Allow this mark 1f they have not found £, so allow e g.
3

)3 2 . :
3 r? = kt | +¢| with/without the constant of integration but the 3 must be evident in some way.

Condone spurious notation for this intermediate mark e g. integral signs left in after integrating.
dM1: Uses =10, r = 16 m their equation to find the constant of integration.

This mark 1s dependent on the first method mark.

Must have already found a value for k using a valid strategy and the constant of integration

must be present.
3

~

3

kt+¢ and r? =54t +10 may

Those that found k from comparing coefficients between »

(SR RIS

not score this mark.
Al*: Correct equation from correct working. May be seen at the start of (c).
Must follow Al earlier so do check if this has been obtained fortuitously.

SC:  Itis possible to compare coefficients (following integration) between 7> = =kf +¢ and

ulu
(A1 [ [F¥]

3
#2 =34t +10 to deduce the value of k as 3.6 (or just write their coefficient as 5.4).
The maximum that can be scored this way or by a similar invalid approach 1s BOM1A1dMOAO

(<)
M1: Substitutes = 20 into the given equation and uses correct processing to find the value of
o3 20 ;
e.g. substitutes F—"Omt031-—77+?:>?—1—1 77+ H

Their work should lead to the correct answer so the index work must be correct e.g_ +/1 18° is MO.

118" or 1 18_‘ are acceptable as values, 1.e.. the bracket must be evaluated.

]

May be implied by awrt 24 (cm) following 7* =118 or by awrt 24.1 (cm). Ignore units for M1.

Al:  cao241mm or 241 or 24.1cm but do not accept 24 1 ore.g. 4/118” em
Correct answer with units implies both marks.

(d)

Bl: Examples of acceptable answers (which must relate to the model in context):
¢ (The model will not hold indefinitely as) the balloon may burst/pop
¢ The balloon is unlikely to be (perfectly) spherical (condone circular)
¢ The model predicts the balloon will increase in size without limit (which 1s unrealistic)
Note I — o = r — @ 1s unrealistic / impossible scores B0 unless they reference e g. the radius.
Condone the presence of additional remarks such as “the balloon may not inflate at the same
rate” or “the radius of the balloon might not start at 07 that have already been addressed in the
model. but these answers alone score B0.
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Q31.

Question Scheme Marks AOs
1 3 1
L. 3 2 2(2x—5 2 2
x?(2x—3)=_x?+_x? or)‘ =) +t Ml 1.1b
3 3
P
2x*  5x° Al 1.1b
3 3
3 1 -
2x? 5 .4 dM1 1.1b
e dr=..x'1t.x? (&) '
3 3
L Al 1.1b
15 9
(4)
(4 marks)
Notes

M1:

Al:

Attempts to multiply out the brackets of the numerator and either writes the expression (or just the
3 1

numerator) as a sum of terms with indices. Award for either one correct index of ..x* +..x* which
comes from a correct method. Condone appearing as terms on separate lines for this mark The

3 ;=3 3
comrect index may be implied later when e.g. \F — x? or («/; ) —» x? after they have integrated.

The é does not need to be considered for this mark.
3
1

5x? E
- = or equivalent e g.

[Ty

| =
(=

]

%]

\ S S Sl
. Condone h% May be mmplied by further work.

2=
3

—JX

[
=

p
] 2x
\

1

3
3 ¢ =3 )

The correct index may be mmphed later when e_g. J: — x% or (JT ] — x? after they have

integrated.
Ignore incorrect mtegration notation around the terms. Ignore any presence or absence of dx.

1 : .
Be aware that a factor of 5 may be taken outside of the integral so you may need to look at

further work to award the first A mark if work on the two terms is done separately or in a list.
May be unsimplified and the two terms may appear 1n a list whach 1s fine.
Coefficients must be exact.

Increases the power by one on an x" term where » 1s a fraction. The index does not need to be
processed.

3a 1a
eg x> or_x? Itisdependent on the previous method mark so at least one of the terms must
have had a correct index.

Note that integrating the numerator and denominatore.g. ——— —




4 2 103
Al: —x*- E_t“ +¢ and mmcluding the constant or simplified exact equivalent such as

3= S A | R 1 2 2 x? : :
—afx’ ——afx +cor —x7 ——x " +c or —|12x? —=50x? [+¢ or —(12x—50)+c . Fractions
lSJ_ 9 J_ 15 9 45 45 ( )
must be in their lowest terms and indices processed.

5 3 5 3
Do not accept e.g. 0.267x% —1.11x? +¢ but allow 0.26x2 —1.1x? +¢
Isw once a correct answer 1s seen but withhold this mark if there 1s spurious notation around

5 3
their final answer e.g. % L%ﬂ +¢ dr is MIA1dM1AO

Alternative method using integration by parts example
1 3 3
Ml: eg f x3(2x-5) dx=_.x*(2x-5)- [...x3 dx (applies integration by parts correctly to typically

achieve this form — the (2x— 5) may also be split up as well — send to review 1if unsure how to mark)

1 1 3 1
This may also be done the other way round e g. J.x‘"" (2x—=53) dr=_.x*(x" —5x)— j...xl T ox? dx

The % does not need to be considered for this mark.

Al: A comrect intermediate stage applying integration by parts with correct coefficients.
1

[ X3 (2x-5 - T
eg %x)dx=§x2 (XT)—J.EII dx (or unsimplified equivalent).

Coefficients must be exact. (See main scheme notes above) The other way round this could appear ag
1

o= ;
2(2x-5 2

ek s dx=lxl(x3—5x)_l.[x

3 3 6

3 1
eg I _5x? dx . Condone a missing dx. May be imphied.

o

3 :
dM1: Increases the power by one on an x" term where # 15 a fraction e g_ I...xl dx — _x? The index

does not need to be processed. It 1s dependent on the previous method mark.
4 2 10 3 . _ _
E i Exz +¢ or exact sumplified equivalent. (See main scheme notes above)

Al:

x

Alternative method using the substitution method
1

Ml: egletu =xI= [...uq +_u° du (uses a substitution to express the integral in terms of another
variable. Allow slips with the coefficients, but the indices should be correct for their substitution)

The % does not need to be considered for this mark.

4u* 100
3
notes above). May be implied by further work. Condone a missing dx.

dM1: f...u4 +o du— w4’ (increases the power by one on at least one of their indices — does not

Al: du or unsimplified equivalent. Coefficients must be exact. See main scheme

need to be processed. It is dependent on the previous method mark.
4 = 10 = s : :
Al: —x?——x?+¢ or exact simplified equivalent. (See main scheme notes above)

15 9

There may be alternative substitutions, but the same marking principles apply.
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Q32.

Question Scheme Marks AOs
(a) : £l
8(4)-42=32-32=0 Bl L1b
@)
b) :
. 8- %x* Bl 1.1b
v ) —
i3 D g 3 i
C M1 1.1b
= y{-0}="-12"(x-4%)
12x+y=48 * Al* 1.1b
3)
(c) Attempts to find one of the coordinates of the point of intersection M1 1 1b
y=8x,12x+y=48=y=192 (orx=24) '
1 192
Triangle area 1s P 4 ”19.2"’ =384or ?
e " dM1 3.1a
or J. 8x dx+.‘- "(48-12x)" dx
0 e Ly
=) y 3
"' Br—x? |dv=dx’ -2 BI 1.1b
\ —=
: g k= 256
A=38.4—{"4x'—7x- ":| =38.4—64+7 ddM1 3 1a
0
384
= Al 1.1b
35
3
(9 marks)
Notes

(a)

Bl:  Substitutes x = 4 into the equation of the curve and verifies that y = 0. Accept “8(4) —42 ="

Alternatively, sets 8x—x? =0 and solves with correct processing to achieve x = 4.

3 3

As a minimum accepte.g. 8x—-x2 =0 = x* =8 = :1:; 4 which may follow factorisation.
(b)

: o dy
Bl: Correct differentiation. The d._ = need not be present.
X
MI1: Correct method for finding the equation of the tangent at A(4, 0).
) L , . dy . . . )
Requires substitution of x = 4 into their d— and an attempt at the equation of the line using this
X

gradient. Ifusing y—y, =m(x—x ) then condone the omission of the — 0.

If vy =mx+c 1s used they must proceed as faras c = ...

dy 5 T N ; S
Accept — =—12 or m = —12 without explicit substitution of x = 4 provided 8- = x* is seen.
X




Al*: Correct work leading to the given equation having scored BIM1.
Condone y+12x =48 and apply 1sw once seen.
Do not condone 12x+ y—48 =0 (unless a correct equation = 48 1s seen).

(c) Note: Condone poor notation such as missing dx or spurious | symbols throughout.

MI1: Attempts to find either the x or y coordinate of the intersection of line /; and line />
You may need to check the diagram or limits to their integrals.

. : N | ( 192 )
dM1: Correct method for the area of the triangle. e.g. Triangle area 1s o 4% "19.2";' =3840r—
2 \ S
If integration 1s attempted then condone slips in their rearrangement of 12x+ y =48 to
1 =48 —12x and note that their integrals do need not to be evaluated. so for example
"4 4 . :
. : 576 384
look for 8x dx+ "(48—-12x)" dx *—|=——— =2304+1536 L
A - "5 "B J
i 1+1 x_f:‘“
Bl:  Correct integration of curve ignoring limits, re. 4x° —%xl but condoneeg. —————

ddM1: Fully correct strategy including substitution which would lead to an exact area.
Does not need to reach a value. Dependent on both previous M marks.

2
Imphied by 38.4 - IQT" or a correct final answer %

Note that the decimal approximation that might be seen 1s 10.97142857 and immplies ddM0
unless there 1s evidence of substitution (which need not be evaluated).
Al: Correct exact value. Either ﬁ or ]034
35 35
Alternative using lines — curve:
M1: Attempts to find either the x or y coordinate of the intersection of line /; and line />
You may need to check the diagram or limits to their integrals.
dM1: Correct method for at least one part (0 to “2.47 or “2.47 to 4) of the area of R including limits.
Condone slips in their rearrangement of 12x+ ) =48 to ¥y =48 —-12x and note that their

integrals do need not to be evaluated. so for example

" 4" . 59 4
look for J. 8x—| 8x—x? 1dx' or I

0 " / "24"

Bl: Correct integration of both regions ignoring limits. May be completed as a sum or separately.

/ 5
"{48—121')"—' 8x—x? | dx (ora sum of both)

5
ot 7

Condone e.g. x' i place of %x? Note that each integral may have been simplified.

e ; 2 1T o BT
J. x? dx and {+} J. 48-20x+x> dxr — [%x’j' and {+} {481‘—101"+%x3}

ddM]1: Fully correct strategy including substitution which would lead to an exact area.
Does not need to reach a value. Dependent on both previous M marks.
This approach requires:
e substitution of 0. their 2 4 and 4 in the correct places

- G £ i
* the %(2.4 )2 —?( 2.4)2 to be cancelled (may be implied by a correct final answer %‘i)
Note that the decimal approximation that might be seen 1s 10.97142857 and mmplies ddMO
2 SLIEE . 1
unless there is evidence that the 5{_2.4 )2 — ¥[ 2.4)7 has been cancelled e.g. 6. M8 — 6. 18
34

Al: Correct exact value. Either E or 10—

35
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