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Al: Obtains (S_=)9(1-3)

Note that full marks are available in (c) for the use of 6=150°
Note also that marks may be implied in () by c.g.

251
5 . __12coso 144c05°6 144cos =
T1or T 5#2sind 12cosf-5-2smé ) 5w . 5w
T2cos® § 5
108 108 -6+6V3 _—648+6483
- =9(1-3
-6 6-6B 6re3 72 (1-45)

Scores M1A1 implied dM1 ddM1 A1
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Alternative part (a) — using the R-alpha method
Ml Stateseg Rcos(x+30%a) =3 cos(x+30) T sin(x+30)
and attempts to find either R or o correctly. (may be implied)
AL Achieves 2cos(x+30-30)
Al*: Achieves 2cosx with no errors seen and both stages of working shown e.g.

+ States (Rcos(x+30£a) =) 3 cos(x +30)cos o Fsin(x + 30)sin ot oe

i)
o Shows R=v1+3=2 and (ﬂna:( J o.. eg. using cosine or sine

Condone the use of x for & and mixed variables
MI:  Sets 2cos8=3sin 28 and proceeds to 4cos6=BsinBcos8. (allow 4=5)
May be implied by sin@=k (k=0,1)

AL sing=l
3

dM1: Finds at least one of their values of 6 for their sin &=k (k= 0,1) It is dependent on the
previous method mark. You may need to check their value(s) (in degrees or radians) but
may be implied by e g awrt19° (or awrt20°) or awrt161° (or awrt160°)

(awrt 0.34 or awrt 2.8 in radians)

Al: Deduces that (6=) 90°as well as giving (6'=) awrt19.5°, awrt160.5° with no other values

in the given range (ignore any found outside of the range)
The degree symbol is not required. (Note the angles are 19.4712206...and 160.528779...)
Answers in radians score AO.
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[0) @3 Bl | 22a
@
(i) 30 solutions or e.g. each interval of length 7 has 6 solutions B1 22a
e.g., Each interval of length 7 has 6 solutions, and there are 5 ot | 95
intervals of length 7, 50 5x6=30 solutions i
@
(3 marks)
Notes
)
Bl: cao(=)3
(i)
BI: Either
« Deduces 30 solutions
o or deduces the correct total number of solutions for sin(zx) = k and sin(m)
(or sin’(7x) = %) in any relevant interval (0 to 7, 277, 47 or 57)
« or deduces the correct number of solutions in 0 to 57 for either sin(m) = k
or sin(m) =~k
« or deduces the correct total number of solutions for sin(x) = k and sin(x) =&
in any relevant interval (0 to 7, 2, 47 or 57)
dB1: Requires 30 (solutions) and correct justification comprising all the elements in one of the

bullet points below. See the tables on the next page for the correct values

 Deduces the correct total number of solutions for sin(m) = k and sin(nx) =k
(or sin’(nx) = k) in any relevant interval (0 to x, 27 or 47) and scales the interval to

OtoSt
o or deduces the correct number of solutions in 0 to 57 for sin) = k
and for sin(x) =~k and then adds
o or finds the total correct number of solutions for sin(x) = k and sin(x) =~k
in any relevant interval (0 to 7, 27, 47 or 57) and then scales the interval to 0 to 57 and

multiplies by 3

Just stating e.g. 2x6x2.5 is insufficient for the dB1 mark without further justification.
There are many acceptable variations, and some examples are below and on the next page
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Some examples

6 solutions in each interval of length 7 (B1) and 5 intervals of length 7 so 30 (dB1)
12 solutions in each interval of length 277 (B1) and 2.5 intervals of length 27 s0 30 (dB1)
2 solutions for sinx =k up to 277, so for sin’x there are 4 per 27 (B1)

and since 0 < x <57 then 0<3x <157 so gmzso (@B1)

* Double the 6 solutions since sin(nx) = =k (or sin’(nx) = £) so 12 (B1) and so 24 in 47,
hence 30 in 57 (dB1)
16 solutions for sinx) = k (B1) and 14 (solutions) for sin(mx) =~k — 30 (dB1)
1—cos(6x)
2

o sin’(3x)

5%6=30 (dB1)

and as cosx = k has 5 solutions in 0 to 57 (B1) and so cos6x has

Graphical approaches may be used but these must be convincing, clearly showing the correct
‘number of solutions in one of the relevant intervals. Be lenient with the shape of the curve.
e.g. 30 solutions in 0 < x < 57 [with 6 solutions on, for example, either sketch below]

y=si’(3x) 0 < x<m y=sin(3x) 0 < x<m

IS
o

Note that a suitable graph of sinx showing, e.g. 10 solutions up to 57, followed by 30
(calculation of x3 clearly implied) would also be eligible to score the dB1.
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‘The following are examples of an incorrect justification but scores B1dBO for reaching 30;
o sinGw) = k has 3%6 solutions in the interval 0 to 57, sin(x) =~k has 3x4 solutions (in the
interval 0 to 57) so 18 + 12 = 30 solutions in total.

o sinGm) =k has 15 solutions in the interval 0 to 51, so for sin(rx) has 15%2 = 30 solutions
in total.

For reference, the tables below show the total number of solutions for each branch of sin® (rx) =k
with 71 =3 and the bold values score the first B1 provided they are in the correct interval.

0<x<m 0 < x<2m 0 < x<4m 0 < x<5m
sin(nx) =k ) 3 12 16
sin (mx) =—k 2 6 12 14
Total solutions G 1 24 30

and n=1 for those that deal with x (3x) last.

0<x<m 0 < x<2m 0 < x<4m 0 < x<5m
sin(x)=k 2 2
sin(x)=-k 0 2 4 4

Total solutions 2 4 8 10
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Question Scheme Marks AOs
@ Bl | 11b
M1 11b
Al 11b
[©))
(®)E) 3+245 Blft 34
@) c0s(0.51+0.464) =1=> 0.5f + 0.464 = 27
M1 34
Al 1.1b
[©))
© 3+2V5cos(0.57+0.464) = 0
(0.5t +0.464)=——> bl
c0s(0.51+0.464) = ———
25
05(0.57+0.464) = ——> = 0.51+0.464 = cos [7i
T 5T 25
dm1 11b
ﬂt:l[cos’[ ,\5170464]
So the time required is e
2(3.977...—0.464) —2(2.306...~ 0.464) ami | 31b
=334 Al 1.1b
@
() e.g. the “3” would need to vary Bl 35¢
[¢))

(11 marks)
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Notes

@
B1: R = \5 only.

MI: Proceeds to a value fora fromtanar =+ or sina=+—L_ of cosa=+-—2
g

g

It implied by either awrt 0.464 (radians) or awrt 26.6 (degrees)
Al a=awit 0.464

®a)

BI1ft: For (3+2+/5 )m or awrt 7.47 m and remember to isw. Condone lack of units.

Follow through on their R value so allow 3 + 2> Their R. (Allow in decimals with at least
3sf accuracy)

(b))

ML: Uses 0.5¢+"0.464" =27 to obtain a value for
Follow through on their 0.464 but this angle must be in radians
It is possible in degrees but only using 0.57£"26.6" =360

Al: Awrt 11.6
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Alternative for (b):

H=3+4cos(0. 5ti725m1O.Stiﬁ%:7lsin|0v5t)7cos(0 5t)=0

1
2mn(0v5)‘):7:20 5t

.5.819..21=536.11.6

1.6 H=1747
Score as follows
ML For a complete method:

dH dH
Attempts - and attempts to solve ——=0 fort
1

Al:Fort=awrt 11.6
BI1ft: For awrt 7.47 or 3 + 2x Their R
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©
ML: Uses the model and sets 3+2"/5"cos (...

Allow e.g. 3+2"\/5"cos(...) <0
aM1: Solves cos(0.5¢

=0 and proceeds to cos(...) =k where [F[<1.

.464") = k where [k|<1to obtain at least one value for r

o1 [ ooy (1
This requires e.g 2[7{+cos (k) tan’ [5 oreg. 2| 7—cos™ (k)£ tan| =

Depends on the previous method mark.
dM1: A fully correct strategy to find the required duration. E.g. finds 2 consecutive values of
when H=0 and subtracts. Alternatively finds ¢ when H is minimum and uses the times found
correctly to find the required duration.
Depends on the previous method mark.

Example:
Second time at water level — first time at water level:

Fore

2(first time at minimum point — first time at water level):

el

g
Note that both of these examples equate to 4cos ‘[z JE] which is not immediately obvious

—)]:" 02685...—3.68492..

5.35589...—3.68492...)

but may be seen as an overall method.
There may be other methods — if you are not sure if they deserve credit send to review.
AL Correct value. Must be 3.34 (not awrt)

Special
Note that if candidates have an incorrect @ and have e.g. 3+2/5 cos(0.57—0.464), this has no

ases in (¢

impact on the final answer. So for candidates using 3+ 2+/5 cos (0.5t £ @) in (c) allow all the

marks including the A mark as a correct method should always lead to 3.34
Some values to look for:

0.51£"0.464"

2306, £3.977, £8.598, £10.26

@

BI: Correct refinement e.g. As in scheme. If they suggest a specific function to replace the “3”
e b iable op e i o b o Tt it e e o tic T oar G
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Scheme Marks | AOs
@ R=y2+8 =68 =217 Bl [LIb
2cos6+8sin6=Reoseosa+ Rsinbsina
Z:RcosaR 8=Rsina ML | L1b
ana=3=a-
2

o= awrl 1326 Al |22a

[©)
®0 45" 217" Ml |L1b
o7 Al 222
@ awrt 1.33 Blft [22a

[6)
(6 marks)

Notes

@
BL:R= 217 or 6.
42417 or +y/68 score BO
(Condone if this comes frome.g.. 8= Rcosar 2= Rsina)
Decimal answers score B unless the exact value is seen then apply isw.

8 2
MI: Proceeds to a value for @ from tanar ==, cosa == sna=%
3 e “Jes"

May be implied by awrt 133 radians or 76 degrees
AL awrt 1.326 for a. Apply isw if this s then subsequently rounded to c.g. 1.33

®)A)
MI: For a value of +4.5xtheirR or allow + 4.5R (with the letter R)

But not embedded in an expression e.g. 977 cos (& - a) unless extracted later.
Note that the sum may be found as 905X +365in.x with the maximum then found using calculus

eg S=9cosx+36sinx =35 - 9sinx+36cosx=0> tanx=4=> sinx=—1, cosx=—L

dv 17 i7
= 9cosx+36sinx =9v/17. This will score M1 once they reach £4.5their R
May be implied by Y17 or awrt 37.1 (which may come from a graphical method)
May also see e.g. Max(9cosx+36sinx)= 4367 =
AlL: 07 or exact equivalent e.g. V1377, 4.5/68. 4.5(2y17 ) and apply isw once a correct answer is

seen
(i)
DR bt 00 e i et i i i i e i TN i i B i omiicd
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Question Scheme Marks | AOs
@ | 55in26-0tam 6= 10sinBcosf =9 s‘"z
cos M1 31a
Acos’@=B or Csin®@=D or Pcos’@sinf=QOsinf
For a correct simplificd equation in one irigonometric function
Al Llb
Eg 10cos’@=9
Correct order of operations For example
. am1 21
10c05* 9=9=> f=arcos £ o
Any one of the four values awrt 6= £18.4° £161.6° Al Lo
“All four values 6= awrt £18.4°,£161.6° Al Lo
6=0° £180° Bl Lo
©)
®) | Attempts to solve x—25°=—184° M1 TIb
X=66° AlR 221
@

(8 marks)
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oreg.

51
2cos X
12cos:

And nothing clse
scores M1A0dM1ddMOAO
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(a)
MI: Scored for the whole strategy of attempting to form an equation in one function of the form given in the

sinf

scheme. For this to be awarded there must be an attempt at using sin 26 =...sin@cos 0, tan 6= ~—— and

cosf

possibly +1:+sin’ @ =+cos® @ to form an equation in one "function” usually sin® @ or cos® &
Allow for this mark equations of the form Pcos’ @sin = Qsiné oe

AL Uses the corret identites sin26) = 2sin fcos and tan 0= S0

to form a correct simplified equation
cos|

in one trigonometric function. It is usually one of the equations given in the scheme, but you may see
equivalent correct equations such as 10 =9sec” @ which is acceptable, but in almost all cases it is for a
correct equation in sin @ or cos6

dM1: Uses the correct order of operations for their equation, usually in terms of just sin@ or cos@, to find at

least one value for 6 (Eg. square root before inveos). It is dependent upon the previous M.

+00520+
Note that some canidates will use cos? 6 = 2282621

and the same rules apply.

Look for correct order of operations.
Al: Any one of the four values awrt £18.4°,%161.6°. Allow awrt 0.32 (rad) or 2.82 (rad)
Al: Al four values awrt £18.4°,£161.6° and no other values apart from 0°, +180°
BI:  0=0°£180° This can be scored independent of method.
(b)
MI: Attempts to solve x—25°="¢" where  is a solution of their part ()
Alft: Forawrt x = 6.6°but you may ft on their 9+ 25°where -25<6 <0
I multiple answers are given, the comect value for their @ mmst be chosen
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‘Question ‘Scheme Marks AOs
@ K =500 Bl T1b
480
tana=>—"=a M1 Lb
= awrt 73.74° or 500cos(6+ 73.74)° Al L1b)
[©]
0 R=1000+500c0s(30r +73.74)°
or Blft 33
R =1000+140cos(30r)° — 480sin (30r)°
(b)) (R =}500 Blft 34
@
© 3.5= R="1000"+"500"cos(30(3.5)+ "73.74")" = M1 34
R=awrt 5001
so the model is reliable Al 3
@
@ sin(30r+70)°= 1= 301+ 70=270=30r = (or M1 34
300 ZU()[nrl ?] Al Lb
2
R ="1000"+"500" cos| 30] T
N . am1 34
or
R="1000"+140cos("200")~ 480sin("200")°
R=1032 (or 1033) Al T1b
“

(11 marks)
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Notes

: Candidates working in radians are able fo score all the M and B marks in this question.
Condone the absence of the degrees symbol throughout the whole question.

@
Bl:  Correct value for K. Condone R = 500

Ml:  Award for ma:igﬂd: taner a=.. sin 1"252"¢a: or
140
cosa =
500"

Note o=awrt 1.3 (rad) implies this mark.
Al: or=awrt 73.74{°} or correct expression 500cos(6-+73.74){%}
(b)(i) Note: mark parts (b)(i) and (b)Gi) together.

Blft: Correct equation of the model in cither form including the R = following through on their
numerical K (0< X ., 750) and their numerical a.

Allow fore.g. R=1500—"500"+"500"cos(30r+"73.74"){} or for
R=1500-"500"+140cos(30t)°~480sin(30r)° but not e.g. R=1500—K +K cos(30r+a)°

R=1000+140cos 301~ 480sin30 (without the brackets) is correct
3 U S M R
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[
Blft:

©

MI:

AL

Al
MI1:

AL

500 or follow through on (their A — their K) or (1500 — 2 x their K) provided i is non-negative
and less than 1500. It must be clear this is their answer to (b)(ii) so expect fo see e.g. (b) or
R, = or an indication it is the minimum.

Note: if ¢ is used in place of 307 then they must revert back to 30f correctly to access the
‘marks.

Substitutes £ =3.5 into their model for the number of rabbits (you may need to check if no
method is shown)

or substitutes 7= 3.5 into their cos (301 + &)°

Condone substitution of a value of £in the range 3 ,, ¢, 4.5 for this mark.

R=awrt 500.1.... or 500 (not awrt) following substitution of /= 3.5, suggesting that the
model is valid/reliable/appropriate/good.

or cos(30(3.5)+73.74){°} ~ 1 suggesting that the model is valid/seliable/appropriate/good.

Allow this mark if they have truncated or rounded an otherwise correct o (to 3s.)

o

Minimum occurs when A+ K cos(30r +@)° = Ry, = cos(30r+)° = 4 with |1
leading to £ =

May just see cos(307+73.74)°=~1=>¢ = .. (or their cos(30r+&)°=—1=>r=...)

300+ a =180 = implies this mark. Condone 301 + ¢ = 7 = =... for this mark
(=3.54... (ie. the middle of April) so the model is valid/reliable/appropriate/good.

Do not condone incorrect statements, ¢.g.. £ =3.54... i.c. the middle of March so close to

‘middle of April. If using A+ K cos(30r+a)°= Ry, then R, must be = their A~ their K

Allow this mark if they have truncated or rounded an otherwise correct o (to 3s.£)

Alt 2 using differentiation (Condoned)

MI1:

AL

Condone finding the minimum using ...sin(307+73.74)°=0=> = .. (or their

sin(30r+0)°=0=>1=_.)
30r+0=180=>¢=... implies this mark. Condone 30+ &= =>¢=... for this mark
(=3.54... (ie. the middle of April) suggesting that the model is validscliable/appropriate.
Do not condone incorrect statements, e.g.. £ =3.54... i.e. the middle of March so close fo
‘middle of April

drR
The complete derivative for -~ does not need to be seen

Allow this mark if they have truncated or rounded an otherwise correct o (to 3s.£)
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@

MI:

AL

dM1:

AL

Note: if & is used in place of 307 then they must revert back to 30f correctly to access the
marks.

Realises that sin(307+70)°=~1, reaches 30¢+70=270 or -90 and attempts to find f (or 307)

Condone attempts using differentiation. The minimum occurs when cos(30r+70)°=0=>

30r+70=270=30¢=_. (ort="_..). They must use 270 or -90 and not 90 to achieve the

‘minimum. Condone 307+ a = = ¢ = for this mark but not 30z+a:%:r:

2

Correct value for 30f (or 1) Accept rounded or truncated values o at least 3s.£. e.g. 6.6 or 6.67
Substitutes their value of 1> 0 (or 307 > 0) coming from 30+ 70 =270 into their model for R
Correct number of rabbits. Allow 1032 or 1033 but must be whole numbers and not just 1030,
i i Sl A Wiy R Nt i R e N G S 3 1)
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Question Marks | AOs
@ Bl L1b
M1 11
a1 L1
®
s (
9:5+J55m[i+1 107—3)
B
®) (5++5)°C orawrt7.24°C Bift 222
@
© M1 310
Al R0y
Either 13:14 or 1:14 pm or 13 hours 14 miutes afer miduight | AL 33
®
(7 marks)

Notes:
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5 only.

M1: Proceeds to a value of @ from tana =+2.tana

= sina =

2
Itis implied by either awst 1.11 (radians) or 63.4 (degrees)
Al: g =awrt1.107
®)
B1ft: Deduces that the maximum temperature is (5+V5) °C or awrt 7.24°C Remember to isw
Condone a lack of uaits. Follow through on their value of R so allow (5+°R)°C

©

: An complete smmgy!oﬁndiﬁam%tl 1074:%

Follow through on their 1.107 but the angle must be in radians
Itis possible via degrees but only using 15:+63.4-171.9 =90
: awn 1=132
‘The question asks for the time of day so accept either 13:14, 1:14 pm. 13 hours 14 minutes after
midaight. 13h 14, or 1 hour 14 minutes after midday. If in doubt use review.

It is possible to attempt parts (b) and (c) via differentiation but it is unlikely to yield correct results

46 _m _ (m .\ 2n. (mt (=t 5
TS Efz/jf = ‘Hfi]:ﬂﬁmn‘\ﬁfi =1=1323=13:14 scores M1 A1 Al
‘:Tf:ms ;‘;73]72;“‘ 53 :%:y:u 23-13:14 they can score M1 A0 Al (SC)

A value of =123 implies the minimum value has been found and therefore incorrect method MO.
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‘Question Scheme Marks | AOs
@ cos 34 = cos (24 + 4) = cos 24cos A — sin 24sin 4 M1 3a
2c0s? A~1)cos 4—(2sin Acos 4)sin 4 am1 11b

~1)cos 4—2cos 4(1-cos” 4) ddm1 21
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=4cos’ A—3cos4* Al L1b

[O]
® 1—cos3x —sin® x = cos? x+ 3cosx—4cos’x =0 | Ml 11

= cosx(4cos’ r—cosx=3)=0
= cosx(4cosx+3)(cosx—1)=0 am1 3la
= cosx=

Two of ~00°, 0,90°, awrt 139° Al L1b
All four of ~90°, 0, 90°, awrt 130° Al 21

@

Smark
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Notes:

@
Allow a proof in terms of x rather than A
M1 Attempts to use the compound angle formula for cos(24 + ) or cos(d +2.4)
Condone a slip in sign
M1 Uses correct double angle identities for cos 2.4 and sin 2.4
€0524 =2cos’ 4—1 must be used. If either of the other two versions are used expect to see an attempt to
replace sin’4 by 1 — cos4 at a later stage.
Depends on previous mark
AdM1: Attempts to get all terms i terms of cos A using correct and appropriate identities
Depends on both previous marks
A1*: A completely correct and rigorous proof including correct notation. no mixed variables, missing brackefs etc.
Alternative right to left is possible:

4cos’ 4~3cos A =cos A(4cos’ 4-3) = cos.A(2cos’ A~1+2(1-sin’ 4

)-2) = cos 4(cos 2.4~ 2sin’ 1)
=cos(24+ 4)=cos34

= cos Acos 2.4~ 2sin Acos Asin A =cos Acos 24 ~sin2Asin.
Score M1: For 4cos” 43 cos 4 =cos A(4cos” 4-3)

dM1: For cos A(2cos” 4-1+2(1-sin’ 4)~2) Replaces 4cos’ 4-1by 2cos? 4-1 and 2(1-sin’ 4))

ddM1: Reaches cos Acos2A—sin2Asin A

AL cos(24+ 4) =cos34

®)

MI: For an attempt to produce an equation just i cos x using both part (2) and the identity sin’

Allow one slip in sign or coefficient when copying the result from part (a)

dM1: Dependent upon the preceding mark It s for taking the cubic equation in cos x and making a valid attempt to
solve. This could include factorisation or division of a cos x term followed by an attempt to solve the 3 term
‘quadratic equation in c0s X to reach at least one non zero value for cos x.
May also be scored for solving the cubic equation in cos X to reach at least one non zero value for cos x.

AL: Two of ~00°, 0, 90°, awrt 130° Depends on the first method mark.

AL: All four of —00°, 0, 90°, awrt 139° with 10 extra solutions offered within the range.

—cos’x

i i s st il il i i i il i B
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12c0s2%

= =9(1-+3)

B3
2cos X
12cos.

Scores M1A1dM1ddMOAQ
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1-cos3x =sin’x=>1-cos3x :%(110521)

=2-2cos3x=1-cos2x
=1=2cos3x—cos2x

=1=2(4cos’ x—3cosx) -(2cos? x-1)

= 0=4cos’x—3cosx—cos x

The M1 will be scored on the penultimate line when they use part (2) and use the correct identity for cos 2x
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Scheme Marks AOs
Attempts to use cos 2 =1-2sin’ zﬂL;":l—z(’Télr M1 21
A1* 11b
@
®) N
M1 11
bl -
= e
+ e parabola
Fully Al Lib
— correct
- with
= ‘ends'at
T S o —— G TV S
Z =]
Bl 24

Suitable reason : Eg states as x=3+2sint, 1<x <5

®
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(© | Either finds the lower value for k=7
Bl 22a
or deduces that k <7
Finds where x+y =k meets y=6—(x—3)°
N M1 31a
= k—x=6(x~3)" and proceeds to 3TQinx ory
Correct 3TQinx Tx+(k+3)=0
Al 11b
ory VP +(71-2k)y+ (K -6k +3)=0
s 37
Uses 0 —dac=0=> 49-4x1x(k+3)=0=k=|
o M1 |21
2 2 37
(7-2k) ~4x1x (K ~6k+3)=0=k=| -
37
Range of values for k= k7 <k <= Al |2s
@

(10 marks)
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@
MI: Uses cos2t =1-2sin’ in an attempt to eliminate
Al*: Proceeds to y = 6 (x—3)" without any errors

Allow a proof where they start with

6—(x—3)" and substitute the parametric coordinates. M1 is scored

for a comect 0527 =1~2sin’ rbut Al is only scored when both sides are seen to be the same AND a
comment is made, hence proven, or similar

®)

ML For sketching a (™) parabola with a maximum in quadsant one. It does not need to be symmetrical

AlL: For sketching a () parabola with a maximum in quadrant one and with end coordinates of (1.2) and
(5.2)

BI: Any suitable explanation as to why C does not include all points of y=6-(x—3)°, xR

This should include a refeence to the limits on sin or cos with a link to a restriction on x or y.
For example

‘As —1<sinr<1 then 1<x <5’ Condone in words x lies between 1 and 5" and strict inequalities

“As sinf<1 then x<5° Condone in words ‘x s less than 5°

‘As ~15cos(2)<1 then 2<y<6  * Condone inwords ‘ lies befween 2 and 6"

Withhold if the statement is incorrect Eg "because the domainis 2< x<5"

Do not allow a statement on the top limit of  as this is the same for both curves
©
B1: Deduces either

«  the correct that the lower value of k=7 This can be found by substituting into (3.2)

x+y=k=>k=Tor substituting x=>5 into x’~Tx+(k+3)=0=>25-35+k+3=0
=k=7

© ordeduces that k < % This may be awarded from later work

MI: For an attempt at the upper value for k.
Finds where x+y =k meets y=6—(x—3) once by using an appropriate method.

Eg Sets k—x=6—(x—3)"and proceeds to a 3TQ

AlL: Correct 3TQ x° — 7x+(k+3) =0 The = 0 may be implied by subsequent work

MI: Uses the "discriminant” condition. Accept use of b° = 4ac oe or b°._4ac where ... is any inequality
37

leading to a crifical value for & Eg. one oot = 49~ 4x1x(k+3)=0=> k

AL Range of values for &

37 37)
k:T<k< 7} Accept ke ( T | or exact equivalent
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As above Bl 22a
Finds where x+y =k meets 3= 6—(x—3)* once by using an
appropriate method. Eg. Sets gradient of y=6—(x—3)" M1 3la
equalto -1
xt6=-1=x=35 Al |1b

Finds poiat of intersection and uses this fo find upper value of £

=6-(3.5-3) =5.75 Hence using k =3.5+5.75=925 M1 |21
Range of values for k= {k:7 <k <925} Al 25
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Apeiton Scheme AOs
dv _(2sinf+2cos8)3cosf-3sinf(2cos6~2sin6) ]:\111 :::
a6 (25in6+2cos6)’

‘Expands and uses sin” 8+cos’ @ =1 at least once in the numerator or the
denominator . e | ol
oruses 2sinfcosf=sin2fin = Lo
a6 Csinfcos6
‘Expands and uses sin® +cos” =1 the numerator and the denominator
ANDuses 2sinfcos@=sin20in =L L ol
46 Q+Rsin28
4 3
-2 - Al L1b
46 2+2sin20

5 marks)
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Notes:
M1: For choosing cither the quotient, product rule or implicit differentiation and applying it fo the given

a &
function. Look for the comrect form of # (condone it being stated as d—t) but tolerate slips on the

d(sing d(cos 8!
coefficients and also condone (;“;) cosﬂand%f) +sin6

dy (25in6+2cos6)xE. cosf3sinf(%..cos O£ .sin6)
For quotient rule look for —&- -

o, (2sin6+2cos6)’

For product rule look for

%:(zsmmuoser‘xt cos6+3sin 6 (2sin 6+ 2cos6) " x (£...cos 6% .sin 6)
Implicit differentiation look for(...cos % sms)y+(25ma+zcosa)% cosf

AL: A correct expression involving %cmdﬂmﬂg it appearing as %

MI: Expands and uses sin® @+cos” @=1 at least once in the numerator or the denominator OR uses

2sinfcosf=sin26 in =-Z=— " ——
CsinBcos6

MI: Expands and uses sin’ 8+cos’ 6 =1 in the numerator and the denominator AND uses
P

46 Q+Rsin26

2sinfcos § =sin 26 in the denominator to reach an expression of the form.

3

AL Fully correct proof with A

fated but allow for example

2 T+5in26
Allow recovery from missing brackets. Condone notation slips. This is not a given answer





image123.png
Marks | AOs
a
M | 12
aM1 | L1b
@ =-0243 (3dp) only Al | 23
®
b 1
£(0)=e0s0=5 .= y=_x+3 M1 | L1b
Al |11
(&)

(5 marks)
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@

M1

dM1

Accept to be in terms of a or another variable e.g. x

Note: ~0.243 with no working is 0 marks

x
Fully substitutes cosx=1~ into the derivative

Attempts to multiply out fo achieve a 3TQ (= 0) and attempts to find a value for a . Condone slips.
Allow solving the quadratic via any method (usual rules apply).

If they use a calculator then you may need fo check this.

~0.2430nly cao Can only be scored provided a correct 3TQ is seen. If both roots found then
the other one must be rejected (or a choice made of ~0.243 .g. underlining it or a tick)

Condone x=-0243

®)
M1

Al

Attempts to find the gradient of the curve when x =0 and achieves an equation of the form
F(0)"x+3

x=0 must be fully substituted in and a value must be found for the gradient. Do not allow this mark
if they attempt o use a changed gradient e.g. the gradient of the normal

Also allow attempts using the small angle approximation

£~ 2x+% 1—‘7 when x=0_ £(0)=""

"= y="F(0)"x+3

x+3 or equivalent in the form

mx+c isw Stating just the values m =0.5, ¢ =3 without

the correct equation is AQ
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x
12cos %
i:9(1+ V)

T
12cosT
cos%

Scores M1A0dM1ddMOAQ
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S, =9(1-+3) with no working scores no marks
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Question Scheme Marks | AOs

@ | Allow explanations such as
«  student should have worked in radians
«  they did not convert degrees to radians
* 40 should be in radians
6 should be in radians

401 271

. ) should be 20% o =T B1 23
angle (or 6) shot o

o correct formula is m')[ % | twhere & isin degrees}

* comect formula s 7| X
360

[0))
) 5 L2
Wapp | {Areaofsecior=) S5 )| 5 | M1 11b
EE B
=7 () or awn 873 e al | 1w
e N A
®) - 2y 20
Yy | (Araofsecior=} 75 )| 360\ M1 11b
> .
-2 fan) or awnt 873 faw) al | 1w

2
(3 marks)
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Notes for Question

@

BI: | Explains that the formula use is only valid when angle 40B is applied in radians
See scheme for cxamples of suitable explanations.

® Way 1

MI: | Correct application of the scctor formula using a correct value for 6 in radians

Note: | Allow exact equivalents for 6 c.g. 5:% or & in the range [0.68, 0.71]

Al%: | Accept § orawrt8.73 Note: Ignore the units

®) Way 2

MI: | Correct application of the sector formula in degrees

AL | Accept "?5,7 orawrt 873 Note: Ignore the unis
3 50

Note: | Allow exact equivalenis suchas 70

Note: | Allow M1 Al for 500 —
180

= {em®}  or awrt 873 {em’}
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Question Scheme Marks AOs
@ Angle 408 = Bl | 222
@
®) Area= ZX% [’T"’]+%121-|’s M1 | 21
%r'z(SSi»/()‘ Al* | L1b
@
© Perimeter = 4y..5r( £ ”]um Ml | 312
=4r+rr+16 oreg. r(4+7+6) Al 11b
@

(5 marks)
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Notes

@

B1: Deduces the correct expression for angle 405
Note that 12228 scores B0

®
ML: Fully correct strategy for the area using their angle from (a) appropriately.

Need to see ZX%fﬂr or just 2 where a is their angle in terms of 6 from

1

part (a) + —(2r)’ @ with or without the brackets

A% Correct proof. For this mark you can condone the omission of the brackets in £ (2)* 6as

long as they are recovered in subsequent work e.g. when this term becomes 2126

The first term must be seen expanded as e.g %,3,17%,-:.9 or equivalent

©

ML: Fully correct strategy for the perimeter using their angle from (a) appropriately
Need to see 47 +2ra+2r6 where a s their angle from part (a) in terms of 8

Al Correct simplified expression

Note that some candidates may change the angle to degrees at the start and all marks are available
eg

1801808

o —=

1808 1 R
o X2Tr XX 27 (2r) = 4r + AT + 76
360 7 360
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Question Scheme Marks AOs
@ 0Cx23=216 Ml | Lib
A | 21

@
®) cg (240B=) 7-23 M1 | Lib
223 0421 rad ¢ A | 21

@

© N

Area OCDE=_x12x23 Ml | Llb
165.6 (m?) (accept awrt 166) Al L1b
(03:)35’276+1z:157m Bl 21
Asea of O4B (orOFG ,;x"ls 7'%75x5in0421 (=240.m°) Ml | Llb
Total area = 165.6+2x"24.1" M1 | 31a
=awrt 214 (a?) Al | 1

©

10 marks)
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Notes

@)
M1

Al*

Uses I =70 with 1=27.6 and 0 =23 correctly substituted in (may be labelled differently in their
>
equation). Values just need to be embedded in an equation or accept an expression for OC e.g. 213 .

May work in degrees which is acceptable.
Condone an alternative letter being used to denote OC such as

Altematively, they use [ =6 with 7 =12 and 6=2.3 and verify that / =27.6m
Achieves an expression for OC before proceeding to OC =12 (m) with no errors seen (condone lack
of units)
276
They must show at least <= => OC =12 (m) which can score MIAT*

% —12 is MIAI* (condone alternative letters for OC)

BUTeg %:12(,:.) on its own is MIAQ*
eg 0Cx23=27.6=0C=12(m) is M1A0*

In the alternative method they verify [ =27.6 and conclude that OC =12m

We must see the calculation 12%2.3=27.6 and conclude that OC =12 (m)

eg arc=12x23=276 so OC=12(m) is MIA1* whereas 12x23 =276 is M1A0*
Also allow e g if OC =12(m) then 12x23=276 isMI1A1*

Ifthey work in degrees and use rounded values this scores AO* (If they work with e.g. 1% to keep
3

the angle exact then A1* can still be scored)
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®)
M1

Al*

Attempts to subtract 2.3 from 7 (which may be implied by an expression for AOB which is not the
given answer)

(;r 23) or Z-115 score M1

Mayv\orkm dtgjees c.g. 180-awrtl32 is M1
Condone invisible brackets .g. 7-23+2 can stll score M1

Achieves 0421 (rad) with o errors seen (ignore any side working which is not part of their main
solution). Lok for a correct expression which is awrt 0421 before proceeding to the answer.
Altematively, they may write
g 2408 =7-23(=08415.)= A0B =042
Condone if they do not round their answer at the end to 0.421
Condone lack of units. Condone poor labelling of other angles and it does not require AOB =to
score this mark. but do not accept e.g ABO=
If they work in degrees then withhold this mark if they do ot show the conversion back to
radians.

s
2
180-awrt1318 180

2 NG
g 7-23+2=0421 (rad) is MIAO® (invisible/lack of brackets)
0842..

ce. 421 (rad) is MIAT*

ce =0421 (1ad) is MIAI* (conversion from degrees fo radians scen)

eg 7-23=

0.421 M1A0* (incorrect joined statement)
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©
M1

Al

Bl

M1

Attempts touse A=—r°0 with 7=12 and 6=2.3 The values embedded in the formula is

2

sufficient for this mark. May be implied by a correct answer or further work. Look out for alterative
‘more complex ways to find the area of the sector. ¢.g. area of semicirele — arca of fwo sectors with
r=12 and 6=0421

awrt 166 (may be implied by later work)

A correct expression or value for the length OB or OF which may be a part of a calculation (may see
15.7 in the equation fo find the area of AOB)

Attempts to find the area of at least one of the fwo congruent friangles using their OB found from

¥+12(:15 7), 04=175 and §=0421in %XOAXOBXsmC (may work in degrees)

Be aware that omifting sine in the formula may give a value close to the area of the triangle which
would be MO. Condone use of 6=04 or 6=042if they have rounded angle AOB.

The values embedded in the expression is sufficient to score the mark or may be implied by the
value

Look out for more complex methods to find the area of one or both of the fo congruent
triangles

e.g. they may split the congruent triangle into two right angled triangles and add the separate
areas.





image19.jpeg
Other alternatives
c.g. finding the area of the trapezium ABFG:
BF =2x15.7¢0s0.421

2
oy ;[(15+_x15 7c050421)

5 x157sm0421—;x1572xm2ﬂoe

J

e.g. finding the length AB and either angle OAB or angle ABO.
AB?=1577+7.5" ~2x15.7x7.5xc0s0.421=> AB=9.37

2.
sindBO _sin0421 | po onn op SOAB _sin0.421

75 937, 157 937,
Area of ABO %xlS 7%9.37...x5in 0333, m%x75x937 .xsin2.4

= 04B=24

Approximate values are shown below for some of the lengths you may see in calculations

dMI: Solves the problem by combining appropriate areas together which result in the total area of the
concert stage (usually the sum of the areas of the fwo congruent friangles and the area of the
sector).

Itis dependent on the previous method marks and the B mark

AL: awrt214 () (condone lack of units). Must follow from a correct method. Isw if they round
incorrectly.
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Question Scheme Marks AOs
@ @y,
Attempts Q—A M1 | L1b
dv - dyp )
ar
dy _ Bsin2t
Y_ =23 cost’ Al | 11b
w2
@
® M1 | 21
M1 | 21
Bl | 1lb
1
Correct form of normal y+7:f(x+l) M1 | 21
Completes proof =>2x—23y-1=0 * Al1* | 11b
9]
© Substitutes x = 2cos fand y = y/3c0s2f into 2x— 245y —1=0 Ml | 31a
Uses the identity cos2f=2cos?#—1 to produce a quadratic in cost M1 31a
=12c0s’1—4c0st—5=0 Al | 1L1b
Finds oost:% X M1 | 24
Substitutes their eost:%inm x=2cost, y=3cos2r, Ml | 11b
Al | 11b
©

(13 marks)
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Notes:

@

dy,

Mt Attempts &= 28 and achieves a form kS22 Alternatively candidates may apply the
dy sint
ar
double angle identity for cos2¢ and achieve a form k S2I°0S!
sint
AL: Scored for a correct answer, either Y3522 o 2 [Fcost
sint
()
x @

Mi1: For substituting # =—— in their —— which must be in terms of #
MI:  Uses the gradient of the normal is the negative reciprocal of the value of % This may be

seen in the equation of |

3

BI:  States or uses (i their tangent or normal) that P= | ~1—*~
MI:  Uses their numerical value of 1 %wlﬂ: their ( ]m form an equation of the

normal at P
AT1*: This is a proof and all aspects need to be correct. Correct answer only 2x—24/3y—1=0
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©

M1:

M1:

AlL:

M1:

M1:

AlL:

For substituting x = 2cos  and y = /3 cos 2t into 2x—24/3y—1=0 to produce an equation

in 7. Alternatively candidates could use cos 2f =
y=A+B

—1 to set up an equation of the form

Uses the identity cos2r =2cos’#—1 to produce a quadratic equation in cost

In the alternative method it is for combining their y=Ax*+B with 2x—23y—1=0to get
an equation in just one variable

For the correct quadratic equation 12cos?f—4cost—5=0
Alternatively the equations in x and y are 3x*=2x—5=0 12J3)°+4y—=73=0

Solves the quadratic equation in C0S (or x or y) and rejects the value corresponding to P.

o Beos2t

5 5
Substitutes their cost == or their r:mccos(g) inx=2cosrand y

If a value of x or y has been found it is for finding the other coordinate.

J

7
753 but do not allow decimal equivalents
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‘Question Scheme Marks | AOs
(48] 1-cosde
Attempts either sin30 ~ o8 Locosd M| L
cmps cither sin30 %36 or cos46 ~ 1) in L
12|18
Atempis both sin30~30 and cos40 ~1- ) ’ M| 21
sin30~ JO T L) NN S 2
and cos 2 T 25x38
and attempts to simplify
3
= Al
3 oe 11b
®

(3 marks)
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(46)°
MI: Attempts cither sin36~36 or cos46 x 17% in the given expression.

See below for description of marking of cos46

(Ca)

MI: Attempts to substitute both sin36 ~ 36 and cos46 ~1—

and attempts to simplify.

Condone missing bracket on the 46 50 cos46 ~ 1~ ———would score the method

Expeet to see it simplified to a single term which could be i terms of &
Look for an answer of  but condone k6 following a slip

4
ALt Uses both identities and simplifies to - or exact equivalent with o incorrectlines BUT allow

2
secovery on missing bracket for cos 460 ~ 1~ %

4
—Se =g =3 sMIM1AO

Condone awrt 1.3

e Locosd_1-(1-26i0726) 24inize 2x(26) 4
s30T 20wa30 20530 20536 3
M1 For an attempt at 5in36 ~ 36 or the identity cos46=1-25in’26 with sin26~26

M1 For both of the above and attemps fo simplify to a single term.

A1 00
<
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Que: Marks AOs
® M1 | 21
Al | 11b
M1 | 21
Al* | 11b

@
(®) | States tanf+cot6=1=>sin26=2 B | 24

AND no real solutions as ~1<sin26 <1 y
@

(5 marks)
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Notes:

@

i .. 90

cos8 sin.

sin@

M1:  Writes tan6 =

: :

6+cos’0

Al: Achieves a correct infermediate answer of o>
sinfcosd

M1: Uses the double angle formula sin26=2sin&cos &

Completes proof with no errors. This is a given answer.

Note: There are many alternative methods. For example
2 2
1 _tan’6+1_sec’6 1 _ 1 s
tan & tan & tan & sinf  cosHxsinf

cos® Gx——
cosé

tan@+cotO=tan b+

‘main scheme.

®)
BI:  Scored for sight of sin26=2 and a reason as to why this equation has no real solutions.

Possible reasons could be —1<sin26 <1 and therefore sin26#2

or sin26=2=>26 =arcsin 2 which has no answers as —1<sin26 <1
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Question Scheme Marks | AOs
@ D=5+25in(30x6.5)° =awrt 448m with units Bl 34
)
) . M1 1o
3.8=5+2sin(30r)°=>sin(30)°=-0.6
Al L1b
1077 a1 END)
1046 2m or 10:47 am. Al
@

(5 marks)
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Notes:
@
B: Scored for using the model ie. substituting £ =6 5into D =5+2sin(30r)° and stating

D=awrt 448m_ The units must be seen somewhere in (3) . So allow when D=4.482.=4.5m

Allow the mark for a correct answer without any working.
®)

M1: Forusing D=3.8 and proceeding to sin(30r)°=k. [K{<1

AL sin(30r)°=—0.6 This may be implied by any correct answer for f such as £ =7.2
Ifthe Al implied. the calculation must be performed in degrees
@M1 For finding the first value of  for their sin(307)° = after 1 =8.5.

You may well see other values as well which is not an issue for this dM mark
(Note that sin(30)°=—0.6=>30¢ =216.9° as well but this gives £ =7.2)

For the correct sin(307)°=—0.6=>30r=323.1=r=awrt 10.8

For the incorrect sin(307)°=+0.6=>30r =396.9 = =awrt 132
So award this mark if you see 30¢ = invsin their —0.6 to give the first value of f where 30 1

Al Allow 10:46 am_ (12 hour clock notation) or 10:46 (24 hour clock notation ) o
Allow 10:47 am (12 hour clock notation) or 10:47 (24 hour clock notation ) oe
'DO NOT allow 646 minutes or 10 hours 46 minutes.

>255
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Que: Scheme Marks AOs
@ | Uses s=r6=3=rx04 M1 | 12
=0D=75em Al | 11b
@
®) Uses angle 40B=(7—0.4) or uses radius is (12 - *7.5") em Ml | 31a
Uses area of sector :%fﬁ:%x@Z*lS)’X(xfOA) M1 | 11b
=27.8cm® Alft | L1b
9]
(5 marks)
Notes:
@
MI:  Attempts to use the correct formula s =76 with s=3and §=0.4
Al:  OD=7.5cm (An answer of 7.5cm implies the use of a correct formula and scores both
‘marks)
®)
Ml:  4OB=7-0.4may be implied by the use of 40B = awrt 2.74 or uses radius is
(12~ their 7.5%)
MI:  Follow through on their radius (12 — their OD) and their angle
Alft: Allow awrt 27.8 em’. (Answer 27.75862562). Follow through on their (12 — their 7.5)

Note: Do not follow through on a radius that is negative.
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Question Marks | AOs
States or uses Bl 11b

States or uses 2r+76 =416 Bl 11b

“Attempts to solve, full method 7= ML | 31a

Al 11b

“

(@ marks)
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Notes:
BI: Sutesoruses Sr%0=11  This may be implied with an embedded found value for &
BI: Statesoruses 2r+76'=4r6 or equivalent

MI: Full method to find 7 =... This involves combining the equations to eliminate & or find &
The inifial equations must be of the same "form" (see **) but condone slips when atiempting fo solve

Tt cannot be scored from impossible values for 6 Hence only score if 0< 6 <27 FYI 6 :% sadians

= ipgiee

Allow this to be scored from equations such as .76 =11 and ones that simplify to
Ly
26=11

Allow their 2r+76 =476 => 6 =. then substitute this into their

Allow their 2r+76 =476 = rf=_.then substitute this into their %y =11

Allow their %7'25 =116 then substitute into their 27 +76 =4r6=>r =

AL: =33 only but isw after a correct answer.

The whole question can be attempted using 6 in degrees.

6 2
BI: States oruses 3o =11

e 8
BL: States or uses 27+ X277 = Ax s x 277
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Question Scheme Marks | AOs
@ a=60 Bl | 3b
2="60"-5(-20) = b= M1 | 34
H =60-0.145:-20)° Al 33
(©)
®) Height=2m BI 34
@
© =180 or f=31 M1 | 34
H =29cos(9r+180)°+ 31 Al 33
@
@ e.g “The model allows for more than one circuit~ Bl | 35
@

(7 marks)
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Notes

@

BI:  a=60 (may be seen in their final equation of the model or implied by 60 substituted for a in the
‘model)

MI:  Attempts to find b by substituting in ¢ =0, H =2 and their a and proceeding to a value for b
May be seen as two simultancous equations formed:
2=a-b(-20)" and 60=a-h(20-20)" proceeding to a value for b

Al H=60-0.145(:—20) or equivalent such as H = 7%/1 +5.8t+2 or H=60— 22090 (t-20)" isw
once a correct equation for the model is seen. Must be in terms of Hand . If they just state
a=60, b=0.145then A0
A correct answer with no working seen scores full marks.

(b)

BI: 2 cao (condone lack of units) This can be scored even if their model in (a) is incorrect (they may
have used symmetry to determine this value)

©

Ml:  (a=)180 or (f=)31 Condone (a=)7

Al: H =29cos(9t+180)°+31 or equivalent e.g. H =—29cos(9r)+31 isw once a correct equation for
the model is seen. Must be in terms of H and 1. If they just state @ =180, £ =31then AO.
A correct equation with no working seen scores both marks. Does not require the degree symbol.

@

Bl Score for a reason which makes reference to any of

o the alternative model allows repetition (allow phrases e.g. “mulfiple cycles™, “repeated circuits”.
“eyclical”, “periodic™, “loops around”, “the original model can only go up and down once")
the alterafive model afier 2 minutes the carriage will be back at the start (c.g."at 2 mins, H =2°)
the original/quadsatic model afier 40 seconds (or any time after this) will be negative (e.g. “the
height will be negative which cannot happen”)

* the original model after 2 minutes would not be back at the start

Do not allow vague responses on their own e.g. “the original model is a parabola™

If calculations are used then they must be correct using a correct model (allow rounded or truncated)

Look for a valid reason and ignore reference to anything else as long as it does not contradict

£ 0[5 [10]15]20]25]30]35]40]45]50]55]60]80100] 120

h | 227465660 564627 2 [-31]-71]118]-172]462]-868[-1390
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Scheme Marks AOs

@ Tdentifies an error for student A: They use E:Z =tand
Bl 23
Ttshould be <22 _ tan 6
s
@
®) (i) Shows c0s(-26.6°) # 2sin(-26.6°), so cannot be a solution o i
(i) Explains that the incorrect answer was introduced by squaring Bl |24
@
(3 marks)
Notes:
@
BI:  Acceptaresponse of the type ‘They use S25¢ _ 11 9 This is incorrect as 32¢ _ o 9
sin@ cos @

It can be implied by a response such as ‘They should get tan & :% not tanf=2"

Accept also statements such as 'it should be cot&=2"

®)
BI:  Accept aresponse where the candidate shows that ~26.6° is not a solution of

cos6=2sin6. This can be shown by, for example, finding both cos(~26.6°) and
2sin(-26.6°) and stating that they are not equal. An acceptable alternative is to state that
©08(~26.6°) = +ve and 2sin(~26.6°) =—ve and stating that they therefore cannot be

equal.
BI:  Explains that the incorrect answer was introduced by squaring Accept an example showing
this. For example x=5 squared gives x* =25 which has answers +5
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Question Scheme Marks AO0s
@ Solves r'+)*=100 and (x~15)’ + y* =40 simultancously to
M1 3la
findxory Eg (x-15) +100-x* =402 x =
Either =-30x+325=40=>x=95
Or @: awrt£3.12 Al L1
Attempts to find the angle 4OB in circle C;
o5 M1 3la
Eg Atiempts cosoc= "2 o find & then X2
95
Angle 405 = 2xarcos| | =0.635rads (3s) * A+ 21
@
® | Attempts 10x(27-0.635) = 5648 M1 L
Attempts to find angle AXB or AXO in circle C; (see diagram)
" M1 3.1
Es  csp ‘SJ%S ) (Note AXB =1.03 rads) 2
Attempts 10x(27-0.635)+ A0 x(271-25) aM1 21
=807 Al L1b
@
(8 marks)

Notes:
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Augl 408 ~0.635°

Augle AX8 =103

@
M: For the key step in an attempt to find cither coordinate for where the fwo circles meet.
Look for an afiempt to sef up an equation in a single variable leading to a value for x or .

AL x=95 (my,?:mill2)
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M1: Uses the radius of the circle and correct trigonometry in an attempt to find angle 40B in circle (;

(03286..) to find ot then 2

10°+10°(439)
Rz T A fisk
2x10x10 200

A1*: Correct and careful work in proceeding to the given answer. Condone an answer with greater accuracy.
Condone a solution where the intermediate value has been truncated, provided the trig equation is correct.

Eg s.na,%ﬁa, 317= 40B=20=0635
Condone a solution written down from awrt 36.4° (without the need fo shown any calculation)

E

®
M1: Attempts to use the formula 76 with 0 and 6=27-0.635

The formula may be embedded. You may see 2710+2740-10x0.635. which is fine for this M1

M1: Attempts to use a correct method in order to find angle AYB or AXO in circle G,

3
"3q9m 40+40- (V39
ST i msAXBfi') 2

o5 2xJ40xy40 80

Note that many candidates believe this to be 0.635. This scores MO dMO A0

Amongst many other methods are tan =

dM1: A full and complete attempt to find the perimeter of the region
Itis dependent upon having scored both M's.
Al: awrt 89.7
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@

M1: For the key step in atiempting to find all lengths in triangle OLX, condoning slips
AL Al three lengths correct

M1: Attempts cosine rule to find o then X2

A1*: Correct and careful work in proceeding to the given answer
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Question Scheme Marks AOs
@ R=4/109 Bl L1b
tana == M1l | 11b
10
@=16.70° so 09 cos(6+16.70°) Al | 1LIb
(O]
() @  eg H=11-10cos(801)°+3sin(80n°or
H =11-/T09 cos(80r +16.70)° Bl |33
G)  11+4109 or21.44m Blft | 34
@
© Sets 801 +"16.70" =540 M1 34
540-"16.70"
r=—————=(654) M1 | L1b
20
=6 mins 32 seconds Al | 1LIb
(O]
@ Increase the ‘80 in the formula s
For example use H =11-10c0s(901)°+3sin(901)° -
@

(9 marks)





image40.jpeg
Notes:

@

Bl: R=4./109 Do not allow decimal equivalents

ML Allow for ma:+io

AL a=1670°

()

Bl: see scheme

(b)(ii)

B1ft: their 11+ their /109 Allow decimals here.

(©

MI:  Sets 80r+"16.70"=540_ Follow through on their 1670
Mi:  Solves their 80r-+716.70" = 540 correctly to find

Al:  ¢=6mins 32 seconds

@

BI:  States that to increase the speed of the wheel the 80's in the equation would need to be

increased.
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Question Scheme Marks | AOs
@)
2
Bl
31a
For an allowable linear graph and explaining that there is only one Bl 04
intersection
@
®) 2
cosx—2x-2=0=1-% —2x— M1 L1b
2 2
Solves their X +4x—1=0 dM1 L1b
Allow awrt 0.236 but accept —2++/3 Al L1b
[©]

(5 marks)
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(@)

1
BI: Draws y = 2x + on Figure I or Diagram 1 with an attempt at the correet gradient and the correet

1
intercept. Look for  straight line with a inercept at = —- and  futher point at :(l ‘ILJ Allow a tolerance of
2R

0.25 of a square in cither direction on these two points. It must appear in quadrants 1,2 and 3.
BI: There must be an allowable linear graph on Figure 1 or Diagram! for this to be awarded
Explains that as there is only one intersection so there is just one root.
‘This requires a reason and a minimal conclusion.
‘The question asks candidates to explain but as a bare minimum allow one "intersection”

1
Note: An allowable lincar graph s one with itercept of %2 with one intrsection with cos.x OR gradient of

42 with one intersection with cosx

(b)
o3
~ 2 in the given equation.

2
The equation must be in a single variable but may be recovered later in the question.

dM1: Proceeds to a 3TQ ina single variable and attempts to solve. See General Principles
‘The previous M must have been scored. Allow completion of square or formula or calculator. Do not
allow attempts via factorisation unless their equation does factorise. You may have to use your calculator
to check if a calculator is used.

Al: Allow —2++/5 orawrt 0.236.

MI: Attempts to use the small angle approximation cosx

Do not allow this where there is another root given and it is not obvious that 0.236 has been chosen.
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Question Marks | AOs
Way 1 (10cost)’ +(425inr)* =66 M1 31a
100(1-sin’ ) +32sin’ £ =66 ?1)=66 . e
0(1—sin® )+ 32sin’ 1= 320-cos’ = s &
B 1 5 2 i1
100-68sin’r =66 sinr=5 | 8cos’r+32266 Scos’r= | g |y
= sinr= = cost=
Substirutes their solution back into the relevant original equation(s)
to get the value of the x-coordinate and value of the
M1 L1b
corresponding y-coordinate.
Note: These may not be in the correct quadsant
S=(542,-4) or x=5{2, y=—4 or S=(awrt 7.07. —4) Al 32

(6)
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2 3 x = 237 2

Wayz | feosiresin’i=1= |5 Hap) st ntuenionm o, _—

X 66— ML 21

10" % Al Lo

32 +6600~100x° =3200 S | s
=50 = x=

Substirutes their solution back info the relevant original equation(s) fo
get the value of the corresponding x-coordinate or y-coordinate. M1 L1b
Note: These may not be in the correct quadsant

S=(52,-4) or x=5{2, y=—4 or S=(awrt 7.07. —4) Al 32a
—e O]
Way 3 =66 cosa, y=66sina

42sint = /66 sin

M | 3l
B
[ 42sint [ -1
&6
Tien continne wil applying fie mmark scheme for Way 1
Way 4 (10cos?)’ +(4y/Zsinr)’ =66 M | 3l
(1= M| 21
1oof Lreos2 | Imeoslr g
i 2 L2 Al | 1
50+ 50cos2: +16-16c052r=66 = 340321 +66=66
| L
= cos2t=
Substitutes their solution back ito the original equation(s) to get the
value of the x-coordinate and value of the y-coordinate. M | 1w
Note: These may not be in the correct quadsant
S=(y2,~9) or x=5y2, y =4 or S=(awrt 7.07. ~4) Al | 32

6}

Note: Give final A0 for writing X=5v2, y=—4
followed by S =(-4,5+2)

(6 marks)
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Notes for Question

Way 1
MI: | Begins to solve the problem by applying an appropriate strategy.
E.g. Way I: A complete process of combining equations for C; and C, by substituting the
parametric equation into the Cartesian equation to give an equation in one variable (i.c. 1) only.
Ml: Uses the identity sin’ #+cos’ =1 to achieve an equation in sin’ ¢ only or cos’t only
Al: A correct equation in sin’ f only or cos’¢ only.
dMI: | dependent on both the previous M marks
Rearranges to make sinf =... where —1 < sin? < Lor cost =... where—1 < cost <1
Note: | Condone 3% Ml for sin®
MI: | Sce scheme
AL: | Selects the correct coordinates for §

Allow either §=(52,-4) or §

(awrt 7.07. —4)





image1.png
Question Scheme Marks | AOs
@ 5+2sin6 __ Gtand
Uses the common atio 520 — 008 o Ml | 3la
Cross multiplics and uses {anxcos6 = sind
B am1 | Lib
(5+2sin6) =6x12sin8
25+20sin6+4sin” 6 =72sin6
Proceeds to given answer ; Arr | 21
=d4sin’0-52sinf+25=0  *
®)
(@) Al (a) Alternative example:
Uses the common ratio 127 cos &= 5+ 2sin8, 12+ cos & = 6tan
5+2sin6 ML | 3ia
ﬂllmsﬂ[m) =6tan6
Multiplics up and uses tan6xcosé = sind
2 am1 | Lib
(5+2sin6)" =61an6x12cosd = T2sind
25+20sin 6+ 4sin’ 6 =T2sin 6
Proceeds to given answer ; Arr | 21
=4sin’ 0-525inf+25=0  *
®)
® —szsmmzs:o:»s.no:%(.%) M1 | Lib
Al 12

2)
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Way 2
MI: | Begins to solve the problem by applying an appropriate straiegy.

Eg Way2: A complete process of using cos’f+sin’7=1 to convert the parametric equation
for C; into a Cartesian equation for C;

MI: | Complete valid attempt o write an equation in termss of x only or y only not involving
trigonometry

Al: | A correct equation in x only or v only not involving trigonometry

dMI: | dependent on both the previous M marks

Rearranges to make x=_.. or
Nate: | their x* or their 3’ must be >0 for this mark
MI: | See scheme

Note: | their x* and their 3* must be >0 for this mark
AT: | Selects the correct coordinates for §

5v2.~4) or S

Allow either § (awrt 7.07. —4) or $=(50, -4) or S =|

Way 3
MI: | Begins to solve the problem by applying an appropriate straicgy.
E.g. Way 3: A complete process of wriing C; in parametric form, combining the parametric

equations of C; and C, and applying cos® or+sin’ & =1to give an equation in one variable

Gie.1) only.
then continue witl qpplying the mark scheme for Way 1
Way 4
MI: | Begins to solve the problem by applying an appropriate straiegy.

E.g. Way 4: A complete process of combining equations for C; and C, by substituting the
parametric equation into the Cartesian equation to give an equation in one variable (i.c. 1) only.

MI: Uses the identities cos2f=2cos’ t~1 and cos2t=1-2sin’t to achieve an equation in cos 2t only
Note: | At least one of cos2=2cos’t—1 or cos2r=1-2sin" ¢ must be correct for this mark.
Al: A correct equation m cos2f_only

dMI: | dependent on both the previous M marks

Rearranges to make cos2f =...where—1 £ cos2r <1
MI: | Scescheme
AL+ | Selects the correct coordinates for §

Allow either §=(54/2, ~4) or §=(awrt 7.07, ~4) or S=(4/30, ~4) or §
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G Ocost, y=42sint, 0<t<21; C,ix+)
Way 5 (10cost)? + (442 sint)’ =66 Ml 3la
10cost)’ +(442sin1)’ = 66(sin’ £ +cos™ 1) . =
(10cost)® + (42 5in1)? =66(sin’ 1 +cos’1) i 16
100cos’ £ +32sin’ £ =66sin’t + 66cos” t = 34cos’ t =34sin’t
= fanr= am1 | L1b
Substirutes their solution back into the relevant original equation(s)
to get the value of the x-coordinate and value of the
M1 L1b
corresponding y-coordinate.
Note: These may not be in the correct quadrant
S=(542,~4) or x=52, y=-4 or §=(awt 7.07. ~4) Al 32a
I EEEEEESE———————————m————
Way 5
MI: | Begins to solve the problem by applying an appropriate strategy.
E.g. Way 5: A complete process of combining equations for G, and C, by substituting the
parametric equation into the Cartesian equation to give an equation in one variable (i.c. 1) only.
MI: Uses the identity sin” #+cos’ =1 to achieve an equation in sin’ f only and cos’# only

with no constant term

Al: A correct equation in sin’ f and cos’ ¢ containing no constant term
dMI: | dependent on both the previous M
Rearranges to make tant =

MI: [ See scheme

AL: | Selects the correct coordinates for S

Allow either §=(54/2, ~4) or §=(awrt 7.07, ~4) or S=(4/30, ~4) or 5=|
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Question Scheme Marks | AOs
1-cos26 = tansin26, & (z";l)” 7

w(:;l mamzss[s‘%)amamﬂ) Ml | Lb

[ sm6 o R M1 | Lib

,( ](Zsms;ss'ﬁ), 2sin’ #=1-cos28 AL )

@ 2w )2
War2 (1-2sin’6) =2sin’ & Ml | Llb
sing N M| Lib
E]ﬂmgmﬁ):""ﬁmm Arr | 21
[©)
a 2 x z
(sec® x—5)(1-cos2x) = 3tan’ xsin2x, -x<y
®) (sec’ x—S)tan xsin2x = 3tan’ xsin2x
‘Way 1 or (sec? x—5)(1-cos2x) = 3tan x(1 —cos2x)
Deduces x=0 Bl | 22a
Uses sec”x=1+1an’ X and cancels/factorises out tanx or (1—cos2x)
eg (l+tan’ x—3tanx—5)tanx=0 ML 21
or (1+tan’ x—3tanx—S)(1—cos2x) =0 B
or 1+tan’ x=5=3tanx
tan’ x—-3tanx—-4=0 Al L1b
(fanx—4)tanx+1)=0= tanx=... M1 | Llb
ET AT | 1ib
a Al | 11
©)

© marks)
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Notes for Question

@  [Way1
siné
MIL: | Applies tang=""" and sin26 ~2sinfcos? to tansin20
cos
MI1: | Cancels as scheme (may be implied) and attempts to use 0526 =1-2sin’ &
AT*: | Fora comect proof showing all sieps of the argument
@
Way2
MI1: | Forusing cos2§=1-2sin’ 6
Note: | If the form cos26=cos’ §—sin’ 6 or c0s26=2cos” 61 is used, the mark cannot be awarded
until cos 6 has been replaced by 1-sin’ 6
MI: | Attempts to write their 25in° & in terms of tan# and sin26 using me:s‘“‘: and
cos

5in26 =2sin 6cos 6 within the given expression

For a correct proof showing all steps of the argument

If a proof meets in the middle: e g_ they show LHS = 2sin’ @ and RHS = 2sin’ 8 then some
indication must be given that the proof is complete. E.g 1-c0526=tan6sin26, QED, box
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Notes for Question _ Continued
®)
BI: | Deduces that the given equation yields a solution x=0
MI: | Forusing the key step of sec’ x=1+tan’ and cancels/factorises out tanx or (1-c0s2x)
or sinx to produce a quadsatic factor or quadratic equation in just tanx
Note: | Allow the use of +sec’x =1 tan’ x for M1
ALl: | Comect37TQin tinx Eg tan’x-3tanx—4
Note: |Eg tan’x—4=3tanx or tan’ x—3tanx=4are acceptable for A1
MI: | Fora correct method of solving their 31Q in tanx

Alternative Method (Alt 1)
(secix—
or (sec’ x—5)(1-cos 2x) = 3tan x(1 —cos 2x)

tan’ xsin2x

)tanxsin2

Deduces x=0 Bl | 22
i _ sinx Complete process
e e osx) | (as shown) of using the
. identities for sin2x and
L acpeas Samxone cos2x toproceedasfaras | M1 | 21
1osflreesan) 3, £4%Beos2r =+ Csin2x
3 S 2
-2 -2 cos2x = Zsin2x
77 2 Al | 1b
{3sin2x+5cos2x

Expresses their answer i the
form Rsin(2x+ ) =ki k=0 M1 L1b
with values for Rand &

sin(x+103) = ——=

N

Basin(2x+103) =
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Scheme Marks | AOs
@ sin(x—60°) = £sin xcos 60°+cos xsin 60°
Attempts to use both ( ) M1 21
cos(x—30°) =%cos xcos 30° £sinxsin 30°
Correct equation. ) ) AL | 1
2sin xc0s60° ~2 cosxsin 60° = cos xcos30° + sin xsin 30°
Either uses 22X _ tan x and attempts to make tanx the subject
cosx
Eg (2c0s60°—sin30°)tanx = cos30°+2sin 60°
Or attempts sin30° ete with at least two correct and collects terms in | M1 21
sinx and cosx
Proceeds to given answer showing all key seps
A1 | L1
Eg L :imm EV
@
® Deduces that =26+ 60° Bl | 22
an (26 +60°) =343 = 26+ 60° =79.1°,259.1°, M1 LI
79.1°-60°
Correct method to find one value of 8 E.g H:f dam1 Lib
6=awrt 9.6°,99.6° (See note) Al 21
@
(8 marks)

Notes:
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(@)

M1: Attempts to use both compound angle expansions fo set up an equation in sin x and cos x
The terms must be correct but condone sign errors and a slip on the multiplication of 2
Correct equation 2sin xcos 60°~2cos xsin 60° = cos xcos 30° +sin xsin30° o.c.

Note that cos60°=5in30° and cos30° =5in 60°

Also allow this mark for candidates who substitute in their trigonometric values "early”

Al:

1 3 3 1
2sin x5 2608 XX = = oS XX +sin¥x O

M1: Shows the necessary progress towards showing the given result.
There are three key moves, two of which must be shown for this mark.
sinx

o uses

tanx to form an equation in just tan x
cosx

*  uses exact numerical values for sin30°. sin60°, cos30° cos60° with at least two
correct
o collects terms in sinx and cosx or altermatively in tanx
A1*: Proceeds fo the given answer with accurate work showing all necessary lines

el iliiarii et s
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Eg I 2sinxcos60°—2cosxsm60”=cosxcos30°+smxsin30®

sinx(2cos60°—sin30°) = cosx(cos30°+2sin60°) 1. collect terms
(2c0560° —sin30°) tan x = cos 30°+ 25in 60° 2 25— tanx so M1
N
0s30° +25in 60° 7*‘6
nx=SST TSN _ 2 303 3.uses values and completes proof A1*
2c0s60°—sin30° 1

1

Luses values

= sinx == =cosx 2 collects terms so M1

3 sinx

porcanp]

= tan x completes proof A1*
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(b) Hence

BI: Deduces that x=26+60° o.e such as 6= 2=

This is implied for sight of the equation tan (26 +60°) =33
MI: Proceeds from tan(26+0°)=3y3 = 20 a°

me of 79.1°,259.1°, ... where %0

One angle for arctan(3y3 ) must be correct in degrees or radians(3s). FYT radian answers 1.38, 4.52

NI i il il i b o 0 e s Db 0 g L R

This is dependent upon one angle being correct, which must be in degrees. for aman(sﬁ )

tan(26+60°) =3y3 = 6 = 9.6° would imply B1 M1 dM1
Al: 6=awrt9.6°.99.6° with no other values given in the range

Otherwise: Via the use of cos(26+30°) = cos 26 cos30° —sin 265in30°.

5

25in26 = cos(26+30°) = mza:%:»a:%z 99.6°

30°
BI: For achieving L L
B 2+sin30°
Or via double angle identities v/3 tan® +10tan6—+3 =0 o.e.
MI: Attempts to use the compound angle identities to reach a form tan26/=k where k is a constant not

3V3 (or expression in trig terms such as cos 30 etc as seen above)
O via double angle identities reaches a 3TQin tan6
dM1: Correct order of operations from tan26 = leading to §=..
Correctly solves their +/3 tan’ 8 +10tan 8 —+/3 =0 leading to 6=
Al: 6=awrt9.6° 99.6° with no other values given in the range.

Note that tan (26 +60°) =33 = 6 =9.6°,99.6° is acceptable for full marks
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(@) eg 64’ = —2(8)(13)cos 4BC M1 11b
_ L[ +13°-647 ) _
(angle ABC=) cos (72)(8“3 ]70,394(rad1aus)‘ Al* | 110
@
® eg (Area(4BC)=) %(s)z(o 394) (=awrt 12.6)
or M1 | LIb
(Area(4BD)=) %(B)(B)smo}% (=awrt 20.0)
(Area(R)=) %(3)(13)51.10,394—%(3)3(0394): . dM1 | 31a
(Area(R)=) awrt734t0737 Al | L1b
(O]

(5 marks)
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© Attempts a value for either a or 7
5 s42xd
3 1
cga=12cos0= 1232 o 2312508 TG Ml | 3la
2 12cos8 N
22
2
Al | L1
am1 | 21
Rationalises denominator
76? i ddMl1 | Lib
j—
3
(5.2)9(1-45) Al | 21
®)
(10 marks)

Notes:
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Notes

@
M1

Al*

Tt is acceptable in this question to work in degrees and convert if necessary.
NB Angle ABC in degrees is 22.591...°

Attempts to use the cosine rule with values correctly placed. May be implied by, e.g.,
8 +13-64 ? 132 )
o o
2x8x13

Condone slips in substitution if a correct cosine formula is seen. The placement of the values
should be correct. So, condone e.g. a missing 2 once a correct cosine formula is seen.

Alt 1: attempts the cosine rule and finds angle ADB (=awrt0.5 or 29°) or angle BAD
(=awrt2.2 or 2.3 or 129°) and uses the sine rule correctly with angle ABC involved.
Alt 2: attempts the cosine rule and finds angle ADB (=awrt0.5 or 29°) and angle BAD

(=awrt2.2 or 2.30r129°) and sums angles ADB, BAD, and ABC to 7 (or 180°)

Alt 3: using Pythagoras and simultaneous equations to find the length of AN or BN (see

N AN
e mABcJ‘T

diagram on the next page) and uses e.g. cos ABC

eso Correct proof.
If starting with 647 =8 +13* ~2(8)(13)cos 4BC then there must be an intermediate line

such as
:
o cosape=SEB 0 o nete 45C = cos
2x8x13
o cosABC=awrt092 o 2
5200

* angle ABC =awrt 0.3943

8 +13°-647
2x8x13

‘The minimum required is e.g. cos"[ ] or cos®

‘both of which score M1A1*
‘The final value must be 0.394 and not e.g. 0.3943_ There should be no obvious incorrect

statements in the proof e.g. cos(0.92)=0.394 and no obvious incorrect work.

Allow the use of. e.g.. 6, x, or even e.g. 4 throughout. Mention of radians is not required.
Those working in degrees and achieve 22.6 can convert to 0.394 without calculation for M1A1
Attempts via verification e.g. AD? =8”+13? ~2(8)(13)c0s0.394 — AD =awrt 6.4 score

‘maximum M1A0*
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®)

M1

Al

Note: you may need to check the diagram for working.
Attempts the area of the sector or the area of the triangle 4BD via a correct method
May be implied by a full attempt at the area of R.

The sector area may be implied by % orby 2324

x7x8 or x X8

2
The angle ABC is given in the question as 0.394 and should be used (or a more accurate
value). Do not allow use of a different value for angle ABC (other than the angle in degrees)

There are many acceptable alternative approaches to find the area of triangle ABD,
e.g. using their angle ADB or their angle BAD or using right-angled triangles

eg %(13)(“3 07") or %("7 39
eg 113+86

3 07")4%("5 614")("3.07") and could be implied by

Alternatively, attempts the area of the triangle ACD (e g %(5)(6 4)sin"0.501" =awrt 7. 68]

&
via a correct method. The area of the triangle ABC alone is insufficient for this mark.

4801

5200
For values, see the diagram below.
Complete and correct method for the area of R. Requires correct attempts at both the area of
the sector and the area of the triangle 48D and subtraction of the two values (or expressions)
Allow sector  triangle ABD if this is then recovered by making the area positive.

or the area of the segment (in sector ABC) [1 (8*)(0 394)—%(3’ )sin0.394 = awrt 0. 324)

Note that sin0.394 might be seen as ,[1

Alternatively, correct attempts at both the area of the triangle 4CD and the area of the
segment (in sector 4BC) and subtraction of the two values (or expressions)

Condone slips in substitution provided a correct formula is seen.
May be implied by a correct answer.

awrt 7.34 o 7.37 no units required but penalise incorrect units.
ISW after an acceptable answer is seen.
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Helpiul Diagram:

A fem B
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Question Scheme Marks AOs
Examples:
Ml | 11a
Examples:
4sm§+3cos:5é4(ﬁ)+3
2 2
\ .
4sm§+3cosi5:4[§J+3(175m35)~za+3(17 GOl
N \
4sm§+3cos:9:4smf+3wu[—;+
2 2 2 )
=20+3(1-6°+...)=3+26-36> Al 2.1
(O]
(3 marks)

Notes

Either sin 2

applied.

in terms of 6 only. Depends on the first method mark.

terms if given correct or incorrect.

ML Attempts fo use at least one correct approximation within the given expression

Zor cos=1-" ore.g. sin® ~ Gif they write cos’ 6 as 1-sin*Gore.g
(condone missing brackets) if they write cos® 6 as
Allow sign slips only with any identities used but the appropriate approximations must be

dM1: Attempts to use correct approximations with the given expression to obtain an expression

AL Correct terms following correct work. Allow the terms in any order and ignore any extra

1+cos26
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‘Question Scheme Marks AOs
One of 0tan20 =020 or 1-cos30 1—(1 - ) orequivalents. | Bl | Lla
ftn28 __ 6x20
1—cos;5’1,ll, ML | 21
3
3 o exact cquivalent Al | 1
(O]

(3 marks)
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Notes

Bl:

Ml:

AL

(38)

Award this mark for 0tan20 =020 or 1-cos36=1—1

| or equivalents

May be seen when working on numerator or denominator separately or within the
fraction.

This is a B mark so if awarding for 0530 do not condone missing brackets c.g. 1 %
unless they are recovered or are implied by subsequent work.
Attempts to use both correct small angle approximations in the given expression.
(36)°
For this mark they must have attempted to use tan20 =20 and cos30=1--—"in the

9x20
1-(1-

given expression but condone poor bracketing .g

%2

ftan26

Do not allow e.g. as this suggests they are approximating

Correct value. Do not allow rounded decimals e.&. 0.444 but allow if recurring decimals
sl e O DO eEr e Feisre sy s e

Isw once a correct answer is seen.

Example

scores BIM1AO
3 (Missing brackets not recovered)

scores BIMOAO
(Missing “1 =" in the denominator so M0)

scores BIMOAO
(Has “1+" in the denominator so M0)

scores BOMOAO
(The B mark could be recovered but MO
because of the incorrect numerator)

scores BIM1AO
(Missing brackets recovered)

Scores BIMOAD
(The denominator suggests an incorrect
Rl T SR Y
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BIMIAO

el (The B1 is awarded for the numerator but
2z can be implied by the denominator.
‘The M1 is implied)
BIMIAI

(The correct value implies correct recovery
of missing brackets.)

Note that other approaches are possible using identities.
In such cases we will allow correct work leading to an expression that if terms in 6 and

higher can be ignored will lead to g

But ta score the M mark they must be using correct identities and correct approximations
but condone bracketing errors as in the main scheme.
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Examples:

g, 520
Gtan26 " cos26 _

1-cos36  1-cos3d

200 2

ftan26 &xsin26
= = X etc.
‘ 1-26° 967

Similarly: = -
1-cos38  cos28(1-cos36)

_ag . a0k A
90*-189° 99° 9
Scores BIMI1A1
ftan26 _ Bxsin26 626 _2 2
1-cos38  cos26(1-cos36) 1 [23‘1‘ : [35)1“ 1-26* 96°
\ # 2 |
_ 48 4
967 -186°  9-186" 9
Scores BIM140
(They cannot just assume the term in 6% is 0 unless they provide a convincing limiting

4

argument e.g. lim.
- & o 188

4 i
5 o cauivalent)
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Scores BIM1A0

Bx 2tan & o5 26
Gtan26 1-tn’6  _ 1-7
1-cos36  1-(4cos’6—3cos8) 3
( ) wa T oy
2 K
Scores BIM1A0

Note that attempts to use expansions in higher powers of & should be sent to review.
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® N (@) s
Attempts cos’ (2x) ~ 1—T = (1-ax*+4xt) M1 1.1b
1-cos” (2x) x1-(1-4x" +4x*) = Al* | 11b
@
®) 1-cos’(2x)  4x®—4x*
(x) (x)“ (x](x] M1 | L1b
sin| = |tan| = ==
3 2) G2
Al 21
@
© 24 BIft | 22a
If x is (very) small, then any terms in x° are negligible. dBIRt | 24
@

(6 marks)
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a,
M1: For the key step in using the ratio of

o ey

dM1: Cross multiplies and uses tan6xcosf=sinf

AD Prisciai o i i e sl e ol s o sl i s i
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Notes

@

MI1:  Aftempts to use cos6 ~ 1—% with 6, 26, x or 2x and squares the resulting expression.

Condone poor squaring, e.g.,(1-2x>) =1-4x* or missing brackets [1—

butnoteg. ceszwz[p?]

May be implied by e.g. 1-(1-2x") =2x*(2-2x") from difference of two squares.
Al*: Correct proof with an intermediate line such as 1—(1-4x* +4x*)

Do not be concerned if the LHS does not appear and ignore any spurious = 0 in their work.
There should be no obvious incorrect statements in the proof e.g. 1—(1+4x* —4x*)

Do not condone incorrect work including invisible brackets such as 1-1-4x" +4x* or

2 5
[1 - ] but condone a missing trailing bracket e.g. 1—(1—4x" +4x*

~

Condone an attempt that starts in stages, which may not deal with the full expression e.g.,

>
1—[17114»1—(172
2

has a missing square on the first bracket but is recovered in

the next stage/step.
‘The final line should be in terms of x but condone a slip to e.g. & in the workings of the proof.
If they complete the proof using & they must revert to x to score this mark.
Special Cases: In each of these cases below, please send to review.
You may see attempts that use e.g.

1

e cos2x=#2cos’x#1 or cos’2x=

Leosax
22

e cos2x=:+1+2sin’x followed by the small angle approximation for sin x
o Maclaurin expansions





image67.jpeg
®)
M1

Al

Uses the given answer to part (a) and writes smg) and 1an(§) using correct small angle

approximations. Only allow misreads that are clearly misreads e.g. they cannot replace

m(g] with § vmless m[%) s seen first. In such cases they will lose the A mark in (b) but

‘oth of the marks in (c) are available. Condone mixed variables for this mark

24-24x" but condone e.g. 24+-24x" ore.g. a=24and b=-24

Condone recovery of missing/invisible brackets but the work must otherwise be correct.
Do not condone mixed variables being recovered unless explicitly replaced with x before
cancelling x*

No marks are scored in (b) for using the Maclaurin expansions for sm[%) andlor (an(%]

©
Blft:

dB1ft:

24 but this must follow from the non-zero constant term in their answer to (b).
Do not allow e.g. x =24
Allow follow through on their non-zero constant term from a polynomial in x.
Suitable reason given but it should refer to their x* term in some way (and any additional
terms if they have any). Ignore spurious remarks e.g. “if x < 1” unless contradictory.
Dependent on the previous B1ft mark.
Some acceptable examples:
o "24"x* >0 0r X' >0
*  “We can ignore the x’ term”
“x is much smaller than 24”
o Asx—0theira+bx’ —a (condone asx — 0, bx* “becomes™ 0)
o lima+by (a+b(0) ) =a

*  Since x is very small, 24 —24(0)? = 24 (and condone if the squared is missing).

They cannot just substitute in 0 or a very small value for x to score the mark for the reason.
A reason such as “the answer rounds to 24” is not acceptable.

There must be some justification, either “as x — 0” or “since x is very small”

50 e.g. “24 — 24(0)* = 24 on its own scores B1ft dBOft

This mark may be scored from any polynomial in x that includes at least a constant term and
an x* term.

axt

7
12
6

They cannot go back to e.g. 4x* or and say this is negligible or — 0 as they haven’t

dealt with the x in the denominator.
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Question Marks | AOs
® BI 12
M1 21
- A 21
[6]
) cosecT—sinx=cosxcot (3r—30°)
= cos xeotx = cos rcot(3x-50°)
cotx=cot (33-50°) = x=3x-50° M1 3la
x=25° Al 11
Also cotx=cot(3x~50°) = x+180° =3x-50° M1 21
x=115° Al 11
Deduces x=90° Bl 22
[6]
@ marks)

Notes:
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(a) Condone a full proofin x (or other variable) instead of &'s here
1
Do not accept cosec & =— with the & missing
sné sin
ML For the key step in forming a single fraction/common denominator
1-sin’6 1 1 _sin’6

Allow if wriften separately —— —sin§ =———
siné sinf  siné

BI: States or uses cosecé

1
cosecf-sinf=—1__sin6
Be Y 0

Condone missing variables for this M mark
A1*: Shows careful work with all necessary steps shown leading to given answer. See scheme for necessary
steps. There should not be any notational or bracketing errors
(b) Condone 6's instead of 's here
M1: Uses part (a), cancels or factorises out the cos.x term, to establish that one solution is found when
x=3x-50°
You may see solutions where cot A—cot B=0=> cot(4—B) =0 or tanA—tanB =0=> tan(4—B)=0
As long as they don't state cot 4—cot B = cot(4~B) or tan A~ tan B = tan(A~B) this is acceptable
s x=25°
or the key step in realising that cOtx has a period of 180° and a second solution can be found by salving
x+180°=3x~50°. The sight of x=115° can imply this mark provided the step x = 3x~50°has been
seen. Using reciprocal functions it is for realising that tan x has a period of 180°
AL: x=115° Withhold this mark if there are additional values in the range (0.180) but ignore values outside.
B1: Deduces that a solution can be found from cosx = 0= x = 90°. Ignore addifional values here.

Solutions with limited working. The question demands that candidates show all stages of working.
SC:  cosxcotx =cosxcot (3r—50°) = cotx = cot (3r—50°) = x = 25°.115°
Thicy ot s scac sk s sou DI B ki cetnssis 13000
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Al 1- Right hand side to left hand side

Question Scheme Marks | A0s
@ Statesoruses  core =20 Bl 12
siné
cosfeotg - S8 _17sin 6 M 21
sne  smé
=——-sinf=cosecf-sin6  * A 21
sinf
®
AIt - Works on both sides
Question Scheme Marks | A0s
@ Statesoruses  cotg="2C or cosec=—1— Bl 12
siné e
1 1-sin’6 _ cos’
a6 " Sme me
. o e M1 21
05?6
sn
States a conclusion E.g.
"HENCE TRUE"
A 21
QD"
or cosecf-sinf=cosfeaté o.e. (condone = for =)

®
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Al @)

Question Scheme Marks | A0s
ot = cor(3-50°) = 52 - 72"‘::::::5:))

sin(3x—50%) cos x —cos (3x—50°)sinx =0 M il

sin((3x-50°)-x) =0

20-50°=0

x=25° Al )
Also 2x-50°=180° Ml 21
x=115° a1 50}

Deduces cosx=0= x=090°

22
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Question Scheme Marks AOs

@ Uses cos” x=1-sin’ x=> 3sin’ x-+sinx+8=9(1-sin’ x) Ml |31a
=12sin’ x+sinx-1=0 Al | L1b
= (4sinx—1)(3sinx+1)=0 M1 | L1b
11
Ssinx=1-1
sinx=7.-3 Al | 1LIb
Uses arcsin to obtain two correct values M1l | 11b
All four of x =14.48,165.52°,~19.47°.~160.53° Al | 1LIb
©)
®) Attempts 26-30°=-19.47° Ml | 31a
=6=526° Alft | L1b
@
(8 marks)
Notes:
@
MI:  Substitutes cos’ x=1—sin’ x into 3sin’ x+sinx+8=9cos’ X to create a quadratic
equation in just sinx
Al: 12sin’x+sinx—1=0or exact equivalent
MI:  Attempts to solve their quadratic equation in sin x by a suitable method. These could
include factorisation, formula or completing the square.
Al smx=ll
3
MI:  Obtains two correct values for their sinx=Fk
Al All four of x=14.48°165.52°,~19.47°,~160.53°
®)
MI:  For sefting 26—30° = their'~19.47°'
Alft: 6=526but allow a follow through on their '—19.47°'
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Question

Scheme Marks | AOs
() 4sinx=secy. 0<x<Z: (i) Ssin6-Scosf=2, 0<6<360°
@ -
Warl For secx=—— Bl 12
Ml | 3la
1 11‘ 11“ 7 51 aM1 | Lib
x==arcsin| = | or ~| T-arcsin| ~ _IT
27" 2 nn Al | 1
@
[9) 1
War2 For secx=—— Bl 12
{4s|nr:secr:)} 4sinxcosx =1=>16sm" xcos” x=1
16sin” x(1-sin’ x) =1 16(1-cos® x)cos”
16sin* x~16sin’ x+1=0 16c0s* x—16cos" x+1=0 ML 3da
s’ xor cos'x - 0EWIOZ [ 258 o555 g 06|
2 |4 |
M1 | Lib
Al | 1
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@

Complete strategy. 1.
« Expresses 5sin16—5c056 =2 in the form Rsin(6-a)=2,
finds both Rand . and proceeds to sin(6— ) =k JK| <1 k=0
« Applies (Ssin8—Scos8)’ =2, followed by applying both M | Al
cos’6+sin” =1 and sin26 = 2sin Bcosé to proceed to
sin26=k, [k <1 k=0
5siné 23
X Gend3c0s0)
ol g | 25506+ 25c05 0-S0simgeos6=4 | ML | LIb
= 25-25sin26=4
sin(6 —45%) Al L1b
dependent
o a1 | 1
6= awrt 614, awrt 208.6° Al | 21
Note: Working in radians does ot affect any of the first 4 marks

© marks)
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Question Scheme Marks | AOs
(i) Ssinf-Scos6=2, 0<6<360°
@ | Complete strategy. i.e.
Alel « Attempts to apply (Ssin6)’ = (2+5cos8)’ or
(5sinf-2)* = (5cos )" followed by applying cos’ +sin’ ML 3la
and solving a quadsatic equation in either Sin6 or cos6 to give
at least one of siné =k or cosé = k.[i|<1.k=0
eg 25sin’ 8= 4+20cos8+25cos 6
= 25(1-cos’§) = 4+ 20cos 8 +25cos’ &
) ‘ Ml | LIb
oreg 25sin’6-20sinf+4=25cos’ 6
= 25sin’ 6-20sin 6 +4 = 25(1—sin’ 6)
50cos” 6+ 20cos6— 50sin’ 6~ 20sin 6 - 21
4600 Sin 20+ /4600 oe. Al 11b
100 100
dependent on the first Ml mark
eg 6= \mces‘7 ‘r‘ eg 6 :\xcsm‘ AL 5
6=awrt 614°, awrt 2086 Al 21
[O)]
Notes for Quest
[6)
Bl: | Forrecalling that secx =
cosx
MI: | Correct strategy of
*  Way L: applying sin2x =2sinxcosx and proceeding to sin2x =k, [f| 1. k=0
« Way 2: squaring both sides, applying cos’ X +sin’ x=1 and solving a quadratic equation
in either sin’ x or cos’x to give sin> x=k or cos’x <1Lk=0
dMI:_| Uses the correct order of operations to find at least one value for x in cither radians or degrees
Al: | Clear reasoning to achieve both x 1% 5 and n0 othervalues n the range 0 x-< z
Note: | Give dM1 for sin2x :% = any of —7 D 15°, 75°. awrt 0.26 or awrt 1.3
Note: | Give special case, SC BIMOMOAO for writing down any of F it with no working
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Alternative:

M1: Expresses the 2° and 3 terms in terms of the first term and the common ratio and eliminates

T
dM1: Multiplies up and uses tan 6 cos6 = sin6

A1*: Proceeds fo the given answer including the *

07 with no errors and sufficient working shown.

Other approaches may be seen in (a) and can be marked in a similar way e.g. M1 for correctly
obtaining an equation in 6 using the GP, M1 for applying tanfxcos6 = siné or equivalent and
climinating fractions, Al as above

Uy xuy 124 6x6tan &

Example: 4, =L 2 =54+ 2sinf = 2o <0288y
i 5+2sm0
=(5+2sin6)’ =725in0 amM1

25+20sin6+4sin’ 6= 72sind -

=4sin’0-52sin0+25=0  *

®
MI: Attempts to solve 4sin” 6—52sin§+25=0. Must be clear they have found siné and not c.g.

just x from 4x” —52x+25 = 0. Working does not need fo be seen but see general guidance for

solving a 3TQ if necessary. Note that the ?does 1ot need to be seen.

Al 6= ?” and no other values unless they are rejected or the 22 clearly selected here and not in (¢)

A minimum requirement in (b) is c.g. sin@

Do not allow 150° for %”
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Notes for Question

@)
MI: | See scheme
Note: | Alternative strategy: Expresses 356 —5c056=2 in the form Rcos(6+2)=-2,
finds both R and a. and proceeds to cos(6+ @) =F. [k <1. k=0
MI: | Either
« uses Rsin(6-a) to find the values of both R and &
o attempts to apply (Ssiné—Scosf)’ =2°  uses cos’ f+sin’ #=1 and proceeds to find an
equation of the form +4 £ sin26 =% § or + psin26 =% f; 40
 attempts to apply (Ssin8)’ = (2+5cos8)’ or (Ssinf-2)* = (Scos8)’ and
uses cos’ §+sin’ 6=1 to form an equation in cos only or siné only
Al: | For sin@—459) J;_o oc.. cos(9+459) oe
or cosﬂ:% o or cosé=awrt 0.48. awrt —0.88
orsing = 02V or sing=awt 088, awrt~0.48
Note: | sin(6-45°), cos(6+45°), sin26 must be made the subject for Al
dM1: dependent on the first M mark
Uses the correct order of operations to find at least one value for x in either degrees or radians
: [ 21
Note: | dM1 can also be given for & =180°- arcsin | 180°~arcsin| 75”
Al: | Clear reasoning to achieve both & = awrt 61.4°, awrt 208.6% and no other values in
the range 0< 6 <360°
Note: | Give MOMOAOMOAO for writing down any of & = awrt 61.4°, awrt 208.6° with no working
Note: | Alternaive solutions: (to be marked in the same way as Alt 1)

o Ssinf-Scosf=2 =Stnd-5

=25tan’ 6-50tan 6+

sec8 = (Stand-5)* = (2sec8)’
sec’ 8 = 2Stan’ 6~ 50tan &+ 25 = 4(1+ tan 8)

736 _ 2522446

2 21

= 21tan’ 6-50tn6+21=0 = ta6
= 6 =awt 61.4°, awrt 208.6° only

o Ssinf-5cosf=2 =5-5coté
=25-50cot 8+ 25cot’ 6 = 4cosec’d = 25— S0cot -+ 25cot” 6 = 4(1 +cot’6)

504736 _ 25£2446

1.8364.... 0.5445

= 2lcot* 6-50cot6+21=0 = coté
= 6 =awt 61.4°, awrt 208.6° only

=1.8364...0.5445.
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Question Scheme Marks | AOs

cos38 sin3f
+

= 2cot26
08 cosé
@ _ | c0s39cos+sin3@sime
Way 1 LHs=} sindcos M .
S os9-0) [ cos20 Al 21
sinfcosd | sinfcosd
2 _, oL | 11
Tsin26 alr | o1

e A
05260058 —sin 2656 _ sim2Pcost < cos205mE
“,(’), 5 @HS=} +
ay siné cosé

cos26cos” 6 —sin 26sin fcos 6 +sin 28 cos sin § + cos 28sin ¢

- M1 31a
sinfcosé
_ cos26(cos’ +sin’ 6) I: cos26 | Al 21
sinfcosé " sindcose)
w2, o aMI_| L1b
Isin26 At | 21
e N S
@ (RHs <) 20520 _ 200536 -6) _2(cos3bcosd+sin3dsind) MI 31a
Way 3 sin26 5in26 sin26 Al 21
_ 2(cos36c056+5in305in6) o | 1w
2sinBeosd
_cos39_sindd e | o1

sinf  cosf

(4)
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(b) [cos36 T
S 1= | 2cot26=4=2 M1 L1b
Rearranges fo give tan26=k: £ =0 and applics arctank aMI_| LIb
{w 6<180° r:\nZ&:% ﬁ}
Only one solution of 6 =103 3° (1 dp) or awrt 103.3° Al 22a
[6)
7 2 1 >
®) Jeos39, 8036 g =5 sesapgase 2 M1 Llb
Way 2 sinf  cosé J tan2¢
2 A
=4 =2(-tan§) =8tan
am1 | Lib
= tan’#+4tan6-1=0= tan
{=tan6=-2+5) = tanf=k: k=0 = applies arctank
{90° < 6<180°, tan -5 =}
Only one solution of 6 =103.3° (1 dp) or awrt 103.3° Al 22a

3
(7 marks)
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Notes for Question
@ [ WaylandWay2
MI: | Correct valid method forming a conunon denominator of sin 5058
. correct process of ()00 ()smd
cosBsind
AL. | Proceeds to show that the aumerator of their resulting fraction sumplifies to cos38— ) of 0526
@MI: | dependent on the previous M mark
Applies a correct sin 26 = 25in8cos6 to the common denominator sin&cosé
A" | Correct proof
Notst | ieting o0t 030 o foos3000s0. (WIORUE et e Al EAROA
Snf  cosd | sinfcosd | sinBeost
of forming a conmon denominator of sinécosé for the 1 M mark
Nate: | Gir 12 MD e for 2530 y 5030 cosd0+amdg
sinf  cos@ | smBcost
bt alow 1M for S9536 5038 _ cos3Pcosé+sin3fsind _ cosd6+sindé
siné  cosé sinfcost sinfcosé
Wi | Ryt S W0 S Vit O
g cosd | sinfcosd
bt allow 19 M1 for S530, 536 _ cos30cos@+sin3fsing _ cos’ 36 +sin’ 36
siné  cose sinfcost sinfcost
Note: | Allow 2% MI for stating a correct sin 28 — 2sin 9056 and for aftempting to apply it fo the
common denominator sin & cos &
@ [Ways
MI: | Starts from RES and proceeds fo expand cos 26 in the form cos 39c0s@ £ sin36sin@
AL | Shows. as part of their proof, that cos 20— cos30cos@ +5in305in 8
@MI: | dependent on the previous M mark
Applies 5in 26 = 25in 6 cos to their denominator
AT Correct proof
>
Note: | Allow 1M1 1% Al (together) for any of LHS —> — 520 _ or Lps — S0520(cos O+sin’6)
sinfcosd sinfcosé
26
or LHS — cos 26(cot -+ tan€) or LHS — cos2¢] BiAtan 14
né
(ie. where cos26 has been factorised out)
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Note: | Allow 1* M1 1* Al for progressing as far as LHS ot X — tan.x
Note: | The following is a correct alternative solution

0336 _sin3f _ cos3fcosf+sin3sing _ H(cos46+cos26) ~4 (cosd6—cos26)

sinf  cos6 sinfcosd sin6cosd

2
026 _ cos28 o o,
sinfosd  Lsin2d
- 0528 cos’ 6 —sin 29sin & cos 6 + sin 26 cos Fsin & + cos 26sin °6 cos26
Note: | E.g. going from to
sinfeosd sinfcosd

with no intermediate working is 1% AQ
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Notes for Question Continued
®  [Wayl
MI: | Evidence of applying cot26=—1
tn26

@MI: | dependent on the previous M mark

Rearranges to give tan29= . k=0, and applies arctan
AL | Uses 90° < < 180° to deduce the ouly solution = awrt 1033°
Note: | Give MOMOAO for writing, for example, tan 26 =2 with no evidence of applying cot26 =——

wn26
Note: | 1M1 can be implied by secing tan26 =1
: g " T
Note: | Condone 2* M1 for applying ~ arctan| ~ |
®  [Way2
MI: | Evidence of applying cot26=—L
tan26

@MI: | dependent on the previous M mark

Applies tan26 E%. forms and uses a correct method for solving a 3TQ to give

Rrm

tan&=k. k=0, and applies arctank

Tses 90

Give M1 dMI AL for o working leading to &= awrt 103.3° and no other solutions

Give M1 dMI A0 for no working leading fo & = awst 1033 and other solutions which can be

either outside or inside the range 90° < 6 <180°
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Question Scheme Marks AOs
@ 1-cos20+sin20 _1-(1-2sin’6)+2sin6cosd
Itcos20+sin26  l+cos260+sin26
or M1 | 21
1-cos26+sin26 _ 1-c0526+5in26
1+c0526+sin26  1+(2cos’ 6-1)+2sinfcos
1-cos26+sin2¢ 1—(1-2sin’8)+2sinfcosd
1+c0s20+5in26  1+(2cos’ 6—1)+25in6cosd AL | LI
_ 2sin®6+2sinfcosf _ 2sin(sind+cosf) o 0
" 2cos’6+2sinfcosé  2cosb(cosb+sinb)
389 nge AlF | L1b
cosé
@
® Lcosdrtsindy s v = tan2x=3sin2x oe Ml | 3la
T+ cosdx+sindx
= sin2x—3sin2xcos 2x =0
2x(1-3c0s2x) =
= sin2x(1-3cos2x) =0 Al | i
ﬁ[slulx:(},]cosﬂx:%
X=90° awrt35.3° awrt 144.7° AL | L1
A1l | 21
@
(8 marks)

Notes.
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(a)

MI: Attempts to use a correct double angle formulae for both 5in26 and 0526 (seen once)
The application of the formula for €05 26 must be the one that cancels out the "1"
So look for c0s26 =1 — 2sin’@ in the numerator or cos26'= 2cos?) — 1 in the denominator
Note that cos26 —sin’@ may be used as well as using cos’d + sin’8 =1

1-(1-25in*0) +2sinBcos® i G+ 2sinfeosd
§ o
1+(2cos6—1)+25mBcos6  2cos’ 6+ 2sinbcosd

dM1: Factorises numerator and denominator in order to demonstrate cancelling of (sinf + cos6)
A1*: Fully correct proof with no errors.

s’

Al

25in 6 (sin A+co56)
2cos 6

Withhold this mark if you see, within the body of the proof.
=1-2sin’ or cosé” for cosd
cos’— 1

sinf 2sin6
or even

f+sif) e 2cos6

You must see an intermediate line of

* notational errors. E.g. cos2

mixed variables. E.g. cos26

()
M1: Makes the connection with part (a) and writes the Ihs as tan2x . Condone ¥ <> tan 26 = 3sin 26

after use of double

1
Al: Obtains cos2x = o.e. with ¥ > You may see 5

angle formulac.
Al: Two "correct” values. Condone accuracy of awst 90°, 35°, 145°

Also condone radian values here. Look for 2 of awrt 0.62, 1.57,2.53
Al: All correct (allow awrt) and no other values in range. Condone x <> 8 if used consistently

Answers without working in (b): Just answers and no working score 0 marks.
0 i Gt R i it wit: o O Vi Py Gallaaied by sl (s Comect b scaia 1100
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‘Question Scheme Marks Aos
(@)
. (8(059+Z3{1 0s” 6)) =8 2sin fcos fsec’ & Bl 12
2ot
2tan 8(8cos 8+ 23sin’ §) =8sin 20sec’
= 2sinfcos 6(8cos & + 23(1—cos’ £)) =8sin 26 21
sin26(8cos & +23(1—cos’ 6)) =8sin 26 2%
sin26(23cos’ §—8cos#-15) =0 MiAl
[©]
®) sin2x(23cos” x—8cosx—15) =0
sin2x=0=x=360" or 540° Bl 22a
23cos’ x—8cosx—15=cosx= ML Lib
a1 | Lib
x a1 23
[O]
@ marks)

Notes

(@ _Allow use of e.g. v but the final mark requires the equation fo be in terms of &
BI(MI on EPEN): For recalling and using at least one correet trigonometric identity in the given equation.

cg oneof sin’ 6+ cos 2sin6eoss

This may be seen explicitly or may be implied by their working by e.g. tanfcosé=sinf or they might
‘multiply both sides by cos’# leaving 8sin26 on the rhs implying 1+ tan’ 8 =sec’ 6
M1: For manipulating the equation using trigonometric identities (condoning sign slips only in the
identities and arithmetic slips) to obtain an expression of the form:
Asin26cos 6+ Bsin20cos8+Csin28 (=0) or sin28(Acos’ §+Beos6+C) (=0) withA, B.C#0

Al: sin26(23cos’ 6—8cos6-15)=0 oe e.g sin26(—23cos’ #+8c0sH+15) =0 cao
Note that this is not a given answer so condone notational slips e.g. cos & for cos’ # provided the intention is
clear but the final equation must have no nofational errors.

Note that the “= 0" is not required for the M1 but is required for the A1
B e L i e e A e s
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(b) Allow all marks in (b) to score if the correct equation is obtamed fortuitously in part (a)
Also allow use of @ instead of x throughout in part (b). Correct answers, no working scores max 1000
BI: Forone of x=360(°) or x=540(%) Condonex=2 or x =3 for this mark
The degrees symbol s not required. This may come from cosx =1
M1: Attempts to solve their 3TQ from part (a) or a “made up” 3TQ (which may only be scen in (b)) leading
to a value for cos.x. The general guidance for solving a 3 ferm quadratic cquation can be applied
Allow solution(s) from a calculator which may be implied by at least one correct value for their 3TQ.
Must be a value for cosx and not e.g. x.
M1 Attempts to find one of their angles in the range 360 < x <540 (but not 450) for their cosx = k where
[k <1 May be implicd by their value(s) but must be in degrees.
Requires them to state a value for cosx. Must be checked (vou can check cos(their x) = their k (1)

Al x=360°, 540° and awrt 491° only with no other values in range (including 450)
15

23

The degrees symbol is not required. awrt 491 must come from cosx
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(€) Allow full marks in (c) if e.g. € = F-is their answer to (b) but 6= %”.s used here.

orifeg 6= %” is their answer to (b) but & :%.s used here allow the M marks only.

M1: For attempting a value (exact or decimal) for either a or 7 using their &

1
5+2sing _| 3+2x7

2cosd

Eg a:lZcesH:[]fo?)er r=

Al Finds both a=—6y3 and 7

and tanf= ‘zﬁ (if required) must have been used.
dMI: Uses both values of "a" and "r" with the equation 5, l”r 2 10 create an expression
I+
V3

involving surds where a and 7 have come from appropriate work and [r| <1

Depends on the first method mark.

ddM1: Rationalises denominator. The denominator must be of the form pgv3oe e.g. p+

Depends on both previous method marks

"]
k_p-aBB__k PR

Note that stating e.¢. x or
ptaV3 p-a3 "

is sufficient.
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‘Question Scheme Marks AOs
(a) ( 1 1 | cosecé+l+cosecd-1 i -
Way1 \cosece—1 cosecd+1 " /(cosecd—1)(cosece+1)
- Zcos‘ecﬁ Zcosscb} oreg 25"!{4 = Z,\‘?H M1 11b
cosec’d—1_ _cot’® 1sin’_cos’0
2 2
e R B tanGsecs*
cor’d  sind co
or A | 21
=2tanfsecH*
@ Meets in the middle
Way 2 ( i 1 cosec8 +1+cosecd—1
(LEs- + Bl | Lb
cosec—1 cosecf+1 (cosec&—1)(cosec +1)
2cosecd 2cosecd
" cosec’® cot’8 My e
2
RHS =2tan fsec ‘“‘Z‘Z
N o o2 A | 21
= S Y _2C9%Y _IHS ore.g QED ore.g Proven
sinf cos’6  cot'd
3)
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Part (a) Notes

@  Condone a complete proof entirely in x (or another variable) instead of &
? for ©
Note that we are marking this as BIM141 not MIM1A1
BI:  Adds the fractions to obtain a correct single fraction (not fractions over fractions) in any
form. Condone missing brackets when they combine their fractions as long as they are
recovered fo give a correct fraction.
This can be done in a variety of ways but when combined, the fraction must be correct e.g

Condone

cosecd+1+cosecd—1 2cosecd o _2c0secd

(cosec6—1)(cosecd+1) (cosecé—1)(cosecd+1)  cosec’d—1

s 11 sin6  sing | 2sind o
1 1 ., 1-smé l+sinf| 1-sin’6
sné  siné

MI:  Uses a correct Pythagorean identity anywhere in their attempt c.g.
cosec’@—1=cot? &, sin® & + cos’@ =1 etc. or equivalent

Al": Correct work with all necessary steps shown leading o the given answer. Sce scheme for
the necessary steps. They need to proceed via sine and cosine fo the given answer. There
should be no notational or bracketing errors and no mixed or missing variables. E.g.
we would consider cos” & written as cos&” a notational error.
Condone reaching 2sec6tan 6*

‘Way 2 (Meet in the middle)
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BI:  See Way 1
Ml See Way 1

Al Correct work on the RHS with all necessary steps shown leading to showing the
equivalence with the LHS. See scheme for the necessary steps. There should be no
notational or bracketing errors and no mixed or missing variables.

For this approach there must be a (minimal) conclusion e.g. "= LHS", “QED", “Hence

proven” efc.

It is possible to start with the rhs e.

2tanBseco =230 L

cosf cosd
_ 2sin@ _ 2cosect
Tcs’0 cot’d
_ 2cosecd 2cosect
" cosec’@—1_ (cosecf—1)(cosecd+1)

_ cosec+1+cosec-1
(cosec—1)(cosecd +1)
3 1

" cosecf-1 cosecf+1

2cosecd

Bl:  Comectly reaches 2tanfsecf=————"""
(cosecf—1)(cosec+1)

MI:  Uses a correct Pythagorean identity anywhere in their attempt c.g.
cosec’d—1=cot’ &, sin’ § + cos’d =1 etc. or equivalent

Al Correct work with all necessary steps shown leading to the Ihs. See scheme for the
necessary steps. There should be no notational or bracketing errors and no mixed or

R SR Y O
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® 2tan2xsec2x = cot 2xsec 2x Bl | 22a
2tan2xsec2x—cot 2xsec2x =0
= sec2x(2tan2x—cot 2x) =0
zmzx—cmzr:o:sz‘anzx:cmz;r:nanlz‘:E
or
sin2x _cos2x i 5
2tan2x—cot2x=0=>2 = = 2sin? 2x = cos” 2x
cos2x  sin2x
ﬁzsm:ZA:l*sulllx:smzlxzé
or
zu—ms’zx):coslzx:scosﬁzng M1 21
or
2tan2x = cot2y > H1BAX _1-tan'x
1-tan’ x 2tanx
=tan*x-10tan’ x+1=0
or
sindx _cosx 5 2
2tan2x—cot2x=0=>2 o = 2sin’ 2x = cos” 2x
cos2x  sin2x
5 x 1 1
2sinf 2 =cos’ 2x =5 1-cos dr=_ (cosdv+1) = cosdx =
KeszX
2
or Ml | Lib
—17.6° 72.4° Al |1
@
7 F——
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(b) Notes
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(®)

Note that attempts solve an equation of the form:

2tan xsecx =cot 2xsec 2xor e.g. 2tandsec & = cot 26sec 26 or e.g. 2tan Fsecd = cot 2xsec2x

Bl:
MI:

MIl:

AL

Will generally score no marks in part (b)

Condone the use of ¢ instead of x here.
Deduces the correct equation using the result from part ()
Factors out or cancels the sec2x fo obfain ...tan 2x +...cot 2x =0 oe c.g.
.cot 2x leading to an equation of the form:
1

..tan2x

where @ >0

tan*2x=ar oe c.g. cot’* 2z
a
sin2x cos2x
and cot2
cos2x sin2x

Or uses tan2x = and then sin® 2x = £1+ cos® 2x or

+sin’ 2x to obtain an equation of the form sin’ 2
1

cos? 2x

e.g. cosec?2x =— or sec’ 2x=— where 0< <1 or 0<y <1

B

2tanx 1-tan’
Or uses tan2x=———— and cot2x

1-tan’ x 2tanx

to obtain a 3TQin tan® x (or possibly

in sec’ x)

sin2x 520

and cot2x = 22X and then 2sin?2x

cos2x sin2x
s4x to obtain an equation of the form cosdx =k, 0<k <1

Or uses tan2x = +cosdx and

2c08’ 2x=

Ite

Correct order of operations from tan® 2x = ¢ or sin? 2x = f# or cos’ 2x =y or cosdx =k

1
or equivalents e.g. cosec’2x=— where & >0 or 0< /i<l or 0<y<lor 0<k<l

Leading to at least one value for x e.g. square roots, finds inverse tan/sin/cos/cosec and
divides by 2 or inverse cos and divides by 4

or from tan®x=F, k >0 which follows their equation (may need fo check) and then

finds x = tan™ VE

You may need to check their value(s) (in degrees or radians) to see if the correct order of
operations has been used. May be implied by e.g. 17.6% or 17.7° provided no incorrect
work is seen.

Correct values. Allow awrt 17.6° and awrt 72.4°. The degrees symbol is not required.
Ignore any values outside the range (correct o incorrect) but if there are extra angles in
range score AO. Answers in radians score A

Note that some candidates may convert to sinx or cosx and then solve:
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Eg

sin 2x 1 4sin XC0S X, 1) cost x—12cos x+1=0

cs'2x 2 (2cosx-1)

P
or XX, 12sin® x—12sin

(1-2sin’x)"
EE TPy

s _3:6
6
fihesecanieansbag ke iaaeway:

= cos’x/sin*x= = cosx/sinx =1,
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Alternafive not using part (a):

1 1

————+—————=cot2xsec2x
cosec2r—1  cosec2x+1

2cosec2x
cosec’2x—1

=cot 2xsec2x

=2tan’2r=1=tan’2x=

Score as:

M1:  For correct work leading to one of the forms in the main scheme .g.

1

tan*2x=cr oe c.g. cot® 2x=— where >0

or

sin?2x= f§ or cos?2x=7 oe c.g. ws:clh:% or sec 2 =1
e

where 0</i<lor 0<y<1

Bl:  Any correct equation e.g. tan? 2x = L

L cot’2x=2, sin’ ZX:% etc

2

Then M1AT ac main <cheme
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@ sin(x+30°) =sin xcos 30° £ cos xsin 30°
Attempts to use
cos(x+30°) =cos xcos 30° Fsin xsin 30° M1 21
= £sin xc0s30°% cos xsin 30° £/3 (£ cos xcos30° £ sin xsin 30°)
Correct expression AL 11b
sinxcos30°+ cos xsin 30°++/3 (cosx cos 30° —sin xsin 30°)
o 1 o 3
tates or implies that sin30°=— andc0s30°=%
s 5 Are |21
2 sin v+ Loos x4 Loeosx—Lsinx | = 2cosx *
2 2 2
O]
®) 2c0s6 =35in26 = 2cos = 6sinfcosf M1 21
sing=1 Al | L1b
3
f=amcsint o= aM1 | 11b
3
(6=) awrt19.5°, awrt160.5°, 90° Al 2.2a
(O]

(7 marks)
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Notes:

@

M1

Al

Al*

Condone a complete proof entirely in 8 (or another variable) instead of x.
Do not be concerned with the omission of degrees.
Attempts to use both compound angle expansions to set up an expression in sin x and cos x

ie. sinxcos30°+cosxsin30°£43 (£cosxcos30° £sin xsin30°)
‘The terms must be correct but condone sign errors and a slip on the multiplication of the

3 if they attempt to multiply out the brackets. (The /3 may be omitted entirely)
This mark may be implied by further work

eg tﬁsmxtécosrtﬁ(t§cosx,1smx]

2

Correct expression sinxcos30°+cosxsin30° ++/3 (cosx cos30° —sin xsin30°) o.e
May be implied by

gsm x +%cos X+ ﬁ{?cosx %smx] (or implied if multiplied out)

Proceeds to the given answer with no errors seen including invisible brackets (condone a
missing trailing bracket). We must see the exact numerical values used for sin30° and
cos30° before proceeding o the given answer

Minimum required

B 1 (V5 1 ]

]
ﬂmﬂomﬁ[ﬂm”sm
Pt 5 eosx3

2cosx which scores MIAIAL*

sinxcos30°+cos xsin30°++/3 (cos xcos 30°—sinxsin 30°) = 2cos x scores MIAIAQ*

‘There should not be any notational or bracketing errors and no mixed or missing variables.

Alternative for part (a)

M1

Al
Al

‘Writes the left hand side of the equation as

e

%snﬂx +30°)+~—cos(x+30°) = sin 30°sin (x +30°) + cos 30° cos (x +30°)

Correct expression for sin30°sin (x +30°)+ cos 30°cos (x+30°) = cos x

Proceeds to the given answer sin(x+30°)+ 3 cos(x+30°) = 2cos(x +30°~30°) = 2cos x

with no errors seen including invisible brackets (condone a missing trailing bracket).
‘There should not be any notational or bracketing errors and no mixed or missing variables





